arXiv:2208.08365v2 [math.AC] 19 Sep 2023

FUNCTIONAL EQUATIONS IN FORMAL POWER SERIES

FEDOR PAKOVICH

ABSTRACT. Let k be an algebraically closed field of characteristic zero, and
k[[2]] the ring of formal power series over k. In this paper, we study equations
in the semigroup 22k[[2]] with the semigroup operation being composition. We
prove a number of general results about such equations and provide some ap-
plications. In particular, we answer a question of Horwitz and Rubel about
decompositions of “even” formal power series. We also show that every right
amenable subsemigroup of 22k[[z]] is conjugate to a subsemigroup of the semi-
group of monomials.

1. INTRODUCTION

Let k be an algebraically closed field of characteristic zero, and k[[z]] the ring of
formal power series over k. For an element A(z) = > -, cn2™ of k[[z]], we define
its order by the formula ord A = min{n > 0|¢, # 0}. We will denote by k,[[2]],
n > 0, the subset of k[[z]] consisting of formal power series of order n, and by T’
the subset of k[[z]] consisting of formal power series of order at least two. If A and
B are elements of k[[z]] with ord B > 1, then the operation A o B of composition of
A and B is well defined. In particular, with respect to this operation the set k1[[z]]
is a group, and the set I is a semigroup.

The group k1 [[z]] has been intensively studied (see e. g. [2], [3], [4], [9], [20], [21],
[22], [25], [35], [40], [41]). In this paper, we focus on the less studied semigroup I'
with an emphasis on equations in I". In other words, we study functional equations
in formal powers series of order at least two. An example of such an equation is
simply the equation

(1) A:AloAQO”'OAT, ’)”22,

where A € T"is a given and A1, Ao, ..., A, € T" are unknown, describing the ways in
which an element A of I can be represented as a composition of other elements of
I. Although the problem of characterizing solutions of (1) is fundamental, we were
unable to find relevant references in the literature, and provide an answer in this
paper. Specifically, we describe equivalence classes of decompositions (1), where
two decompositions

(2) A=Aj0Asyo---0A, and A=A 0Ayo---0A,,

are considered as equivalent if k = m and there exist elements p;, 1 <i < k—1, of
k1][z]] such that

(3) Alzle\lo,ufl, Ai:,ui,loA\io,u;l, 1<i<k, and Ak:,uk,lo;l\k.
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Let us recall that for every A € T" of order n there exists an element 54 of k1 [[2]],
called the Béttcher function, such that

ﬂglvoﬂA =2".
The Béttcher function is not defined in a unique way, but if 84 is some Bottcher

function, then any other Béttcher function has the form 84 o ez, where e~ = 1.
In this notation, our main result about equation (1) is the following.

Theorem 1.1. Let A € T be a formal power series of order n, and B4 some
Botcher function. Then every decomposition

A=Aj0A30---0A,

of A into a composition of elements Ay, Aa, ..., A, of T is equivalent to the decom-
position

A= (Ba 02041y 0 0md 4 o g (zordAr o 37T

Thus, equivalence classes of decompositions of A are in a one-to-one correspondence
with ordered factorizations of n.

The main motivation for writing this paper was to construct in the formal power
series setting an analogue of the decomposition theory of rational functions. Cor-
respondingly, the definition of the equivalency of decompositions of elements of
I" given above mimics the corresponding definition from the decomposition the-
ory of rational functions, in which two decompositions (2) of a rational function
of degree at least two A into compositions of rational functions of degree at least
two Ay, Ag, ..., Ag and El, /Alg, e ,/Alm are considered as equivalent if (3) holds for
some Mobius transformations p;, 1 <@ < k— 1. Expectably, the results obtained in
this paper are quite different from the corresponding results for rational functions,
and in general turn out to be simpler. For example, already for decompositions
of polynomials the analogue of Theorem 1.1 obtained by Ritt ([38]) is much more
complicated. On the other hand, for arbitrary rational functions such an analogue
is not known, and typical results in the area mostly concern either decompositions
of special types of functions or functional equations of a special form (see e.g. [1],
(7], [15], [16], [26], [27], [28], [29], [30], [39]).

The main method in the study of decompositions of rational functions is the
monodromy method, which involves the study of the monodromy group associated
with a rational function. On the other hand, the main technical tool in the study of
equations in formal power series are the Bottcher functions. Our approach consists
in the systematic use along with the Bottcher functions what we call the transition
functions. By definition, the transitions functions for A € T' are elements ¢4 of
k1][[z]] satisfying

Aopy = A.

For A € T of order n there exist exactly n transition functions forming a cyclic
group with respect to the operation of composition. We will call this group the
transition group and denote it by G4. Although the transition groups are very
simple from the group theoretic perspective, they turn out to be very convenient
for studying equations in I since the relative position of these groups inside the
group k1[[z]] reflects mutual compositional properties of corresponding elements of
I". We illustrate this statement by the following two results, which we consider as
some of the main results of the paper.
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The first result concerns the functional equation F' = X o A, where F, A are given
and X is unknown.

Theorem 1.2. Let A € k,[[2]], n > 2, and F € kyp[[2]], m > 1. Then the equation
F=XoA

has a solution in X € ky,[[z]] if and only if G4 C Gp. In particular, for A,B € T
of the same order the equality Ga = Gp holds if and only if B = o A for some
p€ ka[[2]]

The second result concerns the functional equation X 0o A =Y o B, where A, B
are given and X,Y are unknown.

Theorem 1.3. Let A, B € I'. Then the equation
XoA=YoB
has a solution in X,Y € zk[[2]] if and only if

PAOCYB =PBOPYA
forall pg € G4 and pp € Gp.

Along with decompositions of general elements of I', we study decompositions
of elements of a special form. Namely, we address the following problem posed by
Horwitz and Rubel in [18]: if h is the composition of two formal power series f
and g, and if h is even, what can be said about f and g7 Some partial results on
this problem and its modifications concerning decompositions of entire functions or
polynomials were obtained in the papers [5], [6], [18], [19].

In this paper, we give a full solution of the problem of Horwitz and Rubel in
the case where h and f, g are elements of I'. In fact, along with even formal power
series, that is, series having the form R(z?) for some R € k[[z]], we also consider
odd series having the form zR(2?2) and, more generally, symmetric series having the
form z"R(z™), where m > 2, r > 0 are integers. Specifically, we prove the following
result.

Theorem 1.4. Let A € T be a formal power series of the form A = z"R(z™),

where R € k[[z]] and m > 2, r > 0 are integers. Then for any decomposition

A= Aj0A,, where A1, As € T, there exist u € k1[[z]] and Ry, Ry € k[[2]] such that
Ay = 2" Ry(zFa0zm ) o =t Ay = po 22 Ry(2™)

for some integers r1,r9 > 0 satisfying the condition rire = r (mod m).

Notice that Theorem 1.4 implies that if A = A; o As is even, then either A, is
even, or there exists u € kq[[z]] such that p=! o Ay is odd and A o p is even. On
the other hand, if A = A; o As is odd, then Theorem 1.4 implies that there exists
€ ki[[2]] such that A; oy and u~! o Ay are odd (see Corollary 6.5).

As an application of our results about functional equations in I', we provide a
handy necessary condition for a subsemigroup of I" to be right amenable, that is,

to admit a finitely additive probability measure p defined on all the subsets of S
such that for all a € S and T' C S the equality

wTa™") = u(T)
holds, where the set Ta~! is defined by the formula
Ta'={seS|sacT}
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Let us denote by Z the subsemigroup of I' consisting of monomials az”, where
a € k* and n > 2, and by ZY the subsemigroup consisting of all monomials of the
form wz™, n > 2, where w is a root of unity. We say that two subsemigroups S;
and Sy of I are conjugate if there exists a formal power series «@ € k1[[2]] such that

aoSioa =9,

It was shown in [33] that a finitely generated subsemigroup of T' is right amenable
if and only if it is conjugate to a subsemigroup of ZV. Still, it was observed that an
infinitely generated right amenable subsemigroup of I' is not necessarily conjugate
to a subsemigroup of ZV. In this paper, we prove the following result.

Theorem 1.5. Fvery right amenable subsemigroup S of I is conjugate to a sub-
semigroup of Z.

Moreover, we show that the conclusion of Theorem 1.5 holds already under the
assumption that S is right reversible, which is weaker than the assumption that S
is right amenable (see Theorem 7.2). We deduce these results from the following
statement of independent interest.

Theorem 1.6. Let A,B € I' be formal power series, and B4, Bp some Bdtcher
functions. Then the equation

(4) X oA =Y oB®

has a solution in X,Y € zk[[2]] for all s,1 > 1 if and only if Ba = Bp ocz for some
cek*.

Notice that Theorem 1.6 includes the characterization of commuting elements
of ' in terms of their Bottcher functions, obtained by Dorfer and Woracek ([13]).
Specifically, it implies that A, B € I' commute if and only if S4 = Bp o ez for some
¢ satisfying

E(ord A-1)(ord B—1) _ 1
(see Corollary 7.1).

This paper is organized as follows. In the second section, after recalling several
elementary facts about the semigroup & [[z]] we discuss Botcher functions and some
of their immediate applications to functional equations. In the third section, we
introduce transition functions and establish their basic properties. In the fourth
section, we solve the functional equations

F=A0X and F=XoA,

where F, A € I" are given and X € zk[[z]] is unknown, in terms of the corresponding
Bottcher functions. We also prove Theorem 1.2 and several of its corollaries.

In the fifth section, we apply the obtained results to decompositions of elements
of I', and prove Theorem 1.1. In the sixths section, we characterize symmetric
series in terms of their Botcher and transition functions, and prove Theorem 1.4.
We also reprove the result of Reznick ([36]) stating that if an iterate of A € T’
is symmetric, then A is also symmetric. In the seventh section, we consider the
functional equation

XoA=YoB,

where A, B € T are given and X, Y € zk[[z]] are unknown, and prove Theorem 1.3
and Theorem 1.6. Finally, we establish the above mentioned necessary condition
for the right amenability and the right reversibility of subsemigroups of T'.
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2. BOTTCHER FUNCTIONS

2.1. Lemmata about formal power series. In this paper, k always denotes an
algebraically closed field of characteristic zero. Notice that the number of nth roots
of unity in such k equals n for every n > 1. We will denote by U, the group of nth
roots of unity in k, and by UL the subset of U, consisting of primitive nth roots
of unity.

For elementary properties of the ring of formal power series k[[z]] and the semi-
group zk[[z]] under the composition operation o, we refer the reader to the first
paragraph of [12]. In particular, we will use the fact that k[[z]] is an integer domain
and that an element A of zk[[z]] is invertible with respect to o if and only if A
belongs to k1[[z]]. Below we collect some further simple facts about k[[z]].

Lemma 2.1. Formal power series 1, po € k[[z]] satisfy the equality
Zopuy=z"ous, m>2,

if and only if p1 = epa for some € € U,.

Proof. Since

pit =y = I (1 = epa),
ecU,
the lemma follows from the fact that k[[z]] is an integer domain. O

Lemma 2.2. Let u € k[[z]] \ k and a,b € k* satisfy the equality
(5) poaz=bzopu.

Then b= a” for some r € N. Furthermore, either = cz", r > 1, for some c € k*,
or a is a root of unity. Finally, p satisfies the equality

(6) poez=¢c"zop

for some e € UY and r, 0 < r < n — 1, if and only if there exists a formal power
series R € k[[z]] such that p = z"R(z™).

Proof. The proof is obtained by a comparison of coefficients in the left and the
right parts of (5) and (6). O
Lemma 2.3. A formal power series p € k[[z]] satisfies the equality

(7) Ztop=poz", n>2

if and only if p =¢ez™ for some e € U,_1 and m > 0.

Proof. Setting m = ord p and substituting p = > 0 ¢;2" into (7) we see that

e}, = Cm. Furthermore, if y # ¢,,2™ we obtain a contradiction as follows. Let

I > m be the minimum number such that ¢; # 0. Then
Bb=cmz™+ ezt + higher terms,
implying that
poz" = cpmz™ + ¢z + higher terms.
On the other hand,
n mn 1., m(n—1)+1

ZMop=cpz™ +ncy oz + higher terms.

Since
mn—-1)+I1<ln—-1)+1=ln,
this is impossible, and hence p = ¢, 2™ O
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Lemma 2.4. Formal power series pu1, 2 € k[[2]] \ k satisfy the equality
(8) Z"opuy =pg02", m>2
if and only if there exist R € k[[z]] and r, 0 <7 <mn —1, such that
w = 2"R(z™), pe2 =z2"R"(2).
Proof. The identity
9) 2" 0z "R(2") = 2"R"(z) o 2"
is checked by a direct calculation. To prove the “only if” part, we observe that for
any ¢, € UL equality (8) implies the equality
z"opp = 2" o (1 0epnz).
Therefore, by Lemma 2.1, there exists 7, 0 < r < n — 1, such that
1 0 EnZ =€, 20 li1,

implying by Lemma 2.2 that pq = 2" R(2") for some R € k[[z]]. It follows now from
(8) that
L2 © prg—— o = Zran(Zn) _ ZTRn(Z) Ozn,
implying that ps = 2" R"(2). O
Notice that the representation ps = 2"R™(z) appearing in Lemma 2.4 defines
the series R only up to a multiplication by an nth root of unity. Accordingly, to us
correspond n different p; such that (8) holds.

2.2. Bottcher functions and the equation Ao X =Y oB. Let A € " be a
formal power series of order n. Then the corresponding Bottcher function is defined
as a formal power series 54 € k1[[z]] such that the equality

(10) AofBy=paocz"
holds. It is well known that such a function exists and is defined in a unique way up
to the change 84 — 4 o€z, where € € U,_;. In the context of complex dynamics,

this fact is widely used and goes back to Béttcher (see [8], [37], [24]). For the proof
in the algebraic setting, see [23] (Hilffsatz 4). Notice that the map

(11) A— Bx'oAo By,

where X is a fixed element of I, is a semigroup automorphism of T".
Among other things, the existence of Bottcher functions yields the following
statement.

Theorem 2.5. Let Ay, Ay € k[[z]] and X € zk][[z]] be formal power series. Then
the equality

(12) AloX:AQOX
holds if and only A1 = As.

Proof. In case X is invertible in the semigroup zk[[z]], the statement is clear.
Otherwise setting n = ord X and conjugating (12) by Sx, we obtain the equality

(ﬂ;(l o A1 o ﬁx) @] Zn = (ﬂ;(l [¢] AQ [¢] ﬁx) @] Zn,
which obviously implies that

Bx' o AjoBx = Bx' oAz 0 Bx.
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Since (11) is an isomorphism, this implies in turn that A; = As. O

Using Bottcher functions, one can provide a solution in X,Y € zk[[z]] of the
functional equation
Ao X =Y o B,

where A and B are given elements of I' of the same order, generalizing equation
(10). We start by considering the following particular case.

Theorem 2.6. Let A € T be a formal power series of order n, and B4 some
Bottcher function. Then solutions of the equation

(13) AoX =Yo2"
in X,Y € zEk[[z]] are given by the formulas
(14) X =8402"R(z"), Y =pa0z2"R"(2),

where R € k[[z]] and 0 <r <mn — 1. Furthermore, if X =Y, then solutions of (13)
are given by the formula

X =Baoccd, e€U,n,
where | = ord X.

Proof. The fact that X and Y defined by (14) satisfy (13) follows from equalities
(9) and (10). On the other hand, if (13) holds, then taking an arbitrary Bottcher
function 84 and substituting 84 o 2" o ﬁzl for A in (13), we obtain

Baoz"oB o X =Y 02",
implying that
"o (Bt o X)= (B oY)oz"
Thus, equalities (14) hold by Lemma 2.4.
Furthermore, if X =Y, then (14) implies that

2" R(2"™) = 2" R"(2).
In turn, this yields that R commutes with 2", implying by Lemma 2.3 that R = 2™,
where € € U,,_1 and m > 0. Therefore,
X =2"R(2") = e,
where
I=ordz"R(z") = ord X. O
Theorem 2.6 implies the following more general statement.

Theorem 2.7. Let A, B € T be formal power series of the same order n, and [a,
BB some Béttcher functions. Then solutions of the equation

(15) AoX =YoB
in X,Y € zk[[z]] are given by the formulas
X =pacz"R(z")ofg', Y =pac2"R"(2)0 5",

where R € k[[z]] and 0 <r < n — 1. Furthermore, if X =Y, then solutions of (15)
are given by the formula

X =Baoelofzl, eelUny,
where | = ord X.
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Proof. For an arbitrary Bottcher function g, equality (15) is equivalent to the
equality

Ao(XofBg)=(YofBp)oz"
Thus, the theorem follows from Theorem 2.6. O

3. TRANSITION FUNCTIONS

Let A € T be a formal power series of order n. We recall that we defined
transition functions for A as formal series ¢4 satisfying

(16) Aopy = A.

It is clear that such series necessarily belong to k1[[z]] and form a group, which we
denote by G 4.

The following two lemmas are modifications of the results of Section 2 in [17]
characterizing solutions of (16) in the analytical setting.

Lemma 3.1. Let A € T be a formal power series, and 54 some Béttcher function.
Then

(17) Ga={Baocczof,' |e€U,}.
Proof. Tt follows from equality (10) that for every ¢ € U,, we have
Aofa=Aopyoez,
implying that
A= Ao (Baoezofyt).
On the other hand, if equality (16) holds, then conjugating its parts by 54, we
obtain

2" o ([3;1 opaofa)=2",
implying by Lemma 2.1 that Bgl 0wy 0 s =cez for some € € U,. (]

For a formal power series ¢ € ki[[z]], we denote by |¢| the order of ¢ in the
group k1[[z]]. Thus, |¢| equals the minimum number d such that ¢°¢ = 2, if such
a number exists, and |¢| equals oo, if ¢°¢ is distinct from z for every d > 1.

Lemma 3.2. Let ¢ € k1[[2]] be a formal power series with |p| = d. Then ¢ = @4
for some formal power series A € T if and only if 1 < d < co. Moreover, in the
last case p = w4 for some A of order d.

Proof. Since the functions defined by (17) satisfy ¢* = z, the “only if” part follows
from Lemma 3.1. On the other hand, if 1 < d < oo, then setting

A:Z-<p-<p°2- _(po(dfl),
we see that A € kq[[2]] and the equality A o ¢ = A holds. O
The following lemma follows immediately from Lemma 3.1.

Lemma 3.3. Let A€ T'. Then G4 is a cyclic group of order n, whose generators
are Bpoepz o0 [3;1, where ¢, € UF. (I

The following lemma relates the transition group for A € T' with the transition
groups for A°, 1> 1, and

Ay=p"todop, pe k]
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Lemma 3.4. Let A € T be a formal power series of order n, and 34 some Bdéttcher
function. Then

(18) Gpo = {BacezoByt | e €Uy}, 1>1,
and
(19) Ga, =p 'oGaop, pe k]

Proof. Equality (18) follows from Lemma 3.1 and the fact that 54 remains a
Béttcher function for A°!, I > 1. On the other hand, since ord A = ord A,, = n,
equality (19) follows from the equality

Apo (W opaop) =Au pacGa,

which is obtained by a direct calculation. ([l
The following statement is a counterpart of Theorem 2.5 for the functional equa-
tionAoX1 :AOXQ.

Theorem 3.5. Let A € I and X1, Xo € zk[[2]]. Then the equality
(20) AOXlZAOXQ

holds if and only if
Xo=pa0Xy
for some 4 € G4.

Proof. The “if” part is obvious. On the other hand if equality (20) holds, then
conjugating its parts by 54 we obtain

2o (83" 0 X10Ba) = 2" 0 (85" 0 Xp 0 Ba),
implying that
BiloXsofa=czof  0oX10pBa
for some ¢ € U,, by Lemma 2.1. Therefore,
Xy =fa0ezof o X1 =ps0X;
by Lemma 3.1. O

4. FUNCTIONAL EQUATIONS FF= Ao X AND F=Xo0 A

The next two results provide solutions of the functional equations F' = A o X
and F = X o A, where F, A € T are given and X € zk[[z]] is unknown, in terms of
the corresponding Bottcher functions Sr and 84.

Theorem 4.1. Let A € ky[[2]], n > 2, and F € kpn|[[2]], m > 1, be formal power
series, and Ba, Br some Bdéttcher functions. Then the equation

has a solution in X € ky,[[2]] if and only if there exist R € k[[z]] and 7,0 <r <n-—1,
such that

(22) 2™ o Bnt o Ba =2 R(z"™).
Furthermore, if (22) holds, then (21) has a unique solution X given by the formula
(23) X = Brpoz"R"(z)0 B3
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Proof. Substituting S o z"™ o [3;1 for F'and 402" 0 ﬂ;l for A to (21), we obtain
the equality

Broz"ofp = X 0Ba02"0 7,
which in turn implies the equality
2" o (2™ o Bt oBa) = (BptoX oBa)oz".
Hence, the “only if” part follows from Lemma 2.4.
In the other direction, (22) implies that

F=Bpoz"ofBp! =Bpoz"ozmofBp! =Bpoz" oz R(z")ofy" =
=Broz"R"(2)o2" 0B, = Broz"R"(z)0B," o A

Thus, (21) holds for X given by (23). Finally, the function X is defined by formula
(23) in a unique way by Theorem 2.5. O

Theorem 4.2. Let A € k,[[2]], n > 2, and F € kpn[[2]], m > 1, be formal power
series, and Ba, Brp some Bdéttcher functions. Then the equation

(24) F=AoX

has a solution in X € ky,[[2]] if and only if there exist L € k[[z]] andr,0 <r <n-—1,
such that

(25) BaloBroz™=2"L"(z).
Furthermore, if (25) holds, then (24) has n solutions given by the formula
X:ﬁAogzoz’L(z")061317 eeU,.
Proof. Equality (24) implies the equality
Broz"o Byt =Bacz"o Byl 0 X,
which in turn implies the equality
(BaloBroz™) oz =2"0(B;" o X opBr).

Therefore, the “only if” part follows from Lemma 2.4.
In the other direction, (25) implies that

F=Bpoz"ofBp' =Proz™oz" 0B =Baoz"L"(z)0z" 0t =
=Baocz"02"L(z") o Bp! = Ao Baoz"L(z") o Br'.
Thus, (24) holds for
X =Bacz"L(z") o Br".
Finally, by Theorem 3.5 and Lemma 3.1, any other solution of (23) has the form
X =pa0Ba02"L(z") 0 Bp" =Bacezofy 0ofaoz"L(z") 0By =
:ﬁAoszoer(z")oﬁgl, e e U,. O
Proof of Theorem 1.2. If ' = X o A, then for any 4 € G4 we have
Fopp=XoAops=Xo0A=F,

implying that G4 C Gp.
In the other direction, the equality F o 4 = F for some generator g4 of G4
implies that

(26) Broz"ofBptoBacenzofyt = Broz"o Bt
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for some Béttcher functions 84, Br and g, € UL. Tt is clear that equality (26)
implies the equalities

2" o Bpl o Baoenz = 2" o Bt o Ba
and
Mo (M0 Bt o Baoeaz) = 2 o (27 0 Bt o Ba).

In turn, the last equality implies by Lemma 2.1 that
(2™ 0 Br' oBa)oenz=cpz0(z™ 0 Bp' 0 Ba)

for some r, 0 < r < n—1. It follows now from Lemma 2.2 that there exists R € k[[z]]
such that (22) holds. Therefore, the equality F' = X o A holds for some X € ky,[[]]
by Theorem 4.1. ([

For brevity, we will say that A € I" is a compositional right factor of F' € T is
there exists X € zk[[z]] such that FF = X o A. Compositional left factors are defined
similarly.

Corollary 4.3. Let F € T' be a formal power series, and A, B € T' some composi-
tional right factors of F'. Then any va € G4 and pp € Gp commute.

Proof. By Theorem 1.2, any w4 € G4 and ¢ € Gp are elements of the commuta-
tive group Gp. O

The following corollary provides a criterion for two elements of I" to have a
“common” compositional right factor in I'.

Corollary 4.4. Let A € ky[[z]], B € knl[[z]], n,m > 2, be formal power series,
and d > 2 a common divisor of n and m. Then the system

(27) A=AoW, B=DBoW,

has a solution in A € kyallz]], B e kmyall2l], and W € kq[[2]] if and only if the

intersection of the groups G4 and Gp contains a group of order d.

Proof. Assume that (27) holds and let gy be a generator of Gy. Then by the
“only if” part of Theorem 1.2
~ ~on/d ~om/d
YW = P4 /4= YB /
for some generator 4 of G4 and some generator g of Gg. Thus, G4 N Gp
contains a cyclic group of order d generated by @y .
In the other direction, if G4 N Gp contains a group of order d, and ¢ is its
generator, then
~on/d ~om/d
=07 =55"
for some generator g4 of G4 and some generator g of Gg. On the other hand,
since |p| = d, it follows from Lemma 3.2 that ¢ = @y for some W € kq[[2]]. Using
now the “if” part of Theorem 1.2, we conclude that (27) holds. O

We finish this section by the following result, providing a criterion for a formal
power series D € I' to be a compositional right factor of a composition of formal
power series A, C € T.
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Theorem 4.5. Let A,C, D €T be formal power series. Then the equation
(28) AoC=XoD

has a solution in X € k[[z]] if and only if for any vp € Gp there exists a4 € G4
such that

(29) Copp=¢paol.

Proof. 1If for any ¢p € Gp equality (29) holds for some ¢4 € G4, then for any
¢p € Gp we have

AoCopp=AopsoC =AocC.

Therefore, Gp C Gaoc and hence (28) has a solution by Theorem 1.2.
In the other direction, equality (28) implies that

AoC=A0Copp.
Thus, (29) holds by Theorem 3.5. O

5. EQUIVALENCY CLASSES OF DECOMPOSITIONS OF FORMAL POWER SERIES

In this section, we prove Theorem 1.1 and deduce from it a corollary, which can
be considered as an analogue of the result of Engstrom ([14]) about polynomial
solutions of the equation Ao C = Bo D.

Proof of Theorem 1.1. Let
(30) A=Aj0A30---0A,
be a decomposition of A € T" with
ordAr =ng, 1<k<r.
Since
BaloAdoBa=2"= (8" 0A)oAs0---0 (A 0pBa),

to prove the theorem it is enough to show that for A = 2™ every decomposition
(30) is equivalent to the decomposition

(31) 2t =z"0z2"%0.-.02"".

We prove the last statement by induction on r.

Clearly, G,» = {ez | e € U, }. Since |G4,| = n, and G4, is a subgroup of G,» by
Theorem 1.2, this implies that G4, = {ez | € € Uy, }. Thus, G4, = G;n., implying
by Theorem 1.2 that
(32) Ar = pp_102™

for some pr—1 € k1[[2]]. Hence, if r = 2, we have

Z2™M™2 = Ay oy 02",

implying by Theorem 2.5 that A; = 2™ o ul_l. On the other hand, if » > 2, then
in a similar way we obtain the equalities (32) and

(33) ZMnze -1 — Al o AQ Ce (AT,1 ¢} lurfl).

By the induction assumption, the decomposition in the right part of (33) is equiv-
alent to the decomposition 2™ o 22 0 ---0 2" =1 and in virtue of (32) this implies
that for A = 2™ every decomposition (30) is equivalent to decomposition (31). O
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Corollary 5.1. Assume that A, B,C, D € I' satisfy
AoC =BoD.
Then there exist U, V,/Nl, 6’, E, De zk[[2]], where
ordU = GCD(ord A,ord B), ordV = GCD(ord C, ord D),
such that
A:UOAV, B:UOE, C'ZéoV7 DZIN)OV,

and

Proof. Let us set
F=AoC=DBoD,
n=ordF, a=ordA, b=ordB, c=ordC, d=ordD,
u=ged(a,b), v =ged(ed).
Taking a Botcher function Sr and applying Theorem 1.1, we see that there exist
v, it € ky[[#]] such that
A=Broztor ™, C=wvozofi,
and
B:ﬁpozbo,ufl, D:,uozdoﬂgl.
Therefore, the statement of the corollary is true for
U=Broz", V=2z"oB

and

e a — < b —
A=2ov ™t C=voz°s, B=zwvopu?

~ B
— 0d
, D=poz.

6. FORMAL POWER SERIES WITH SYMMETRIES

6.1. Characterizations of formal powers series with symmetries. The fol-
lowing result characterizes elements of I" of the form A = z"R(z™), where R € k[[z]]
and m > 2, r > 0 are integers, in terms of the corresponding Botcher functions.

Theorem 6.1. Let A € T'. Then A has the form A = z"R(2™) for some R € k[[z]]
and integers m > 2, r > 0 if and only if any Bdtcher function Ba has the form
Ba = zL(z™) for some L € kol[[z]].

Proof. Assume that for some Botcher function S4 the equality 84 = zL(2™) holds.
Then 4 commutes with €,z for any ¢, € UL, whence

(Aoepz)ofa=Aofaoenz=La0z"ocepz=LPace,z0z2" =
=enzofyao0z" = (ehzoA)ofa.
Therefore,
Aoepz=c¢pz0A,
implying by Lemma 2.2 that A = 2" R(z™). R
In the other direction, let us assume that A = 2" R(z™) and set A = 2" R™(z).

Since

Aoz™=2"o0A,
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for any Botcher function 54 we have
Ao(2moBa)=2"0A0Bs=(z"0P4)oz",

where n = ord A, implying by Theorem 2.6 that

2o fa=fByoea™ = (Byoez) 0"

for some Botcher function BA and € € Uy,—1. By Lemma 2.4, this implies that
Ba = Z'L(z™), where L € k[[z]] and 0 <1 < m — 1. Finally, since 84 € k1[[z]], we
conclude that I = 1 and L € ko[[z]]. O

Notice that if some Botcher function has the form 4 = zL(2™), then all Bétcher
functions have such a form.

The following result is a counterpart of Theorem 6.1 in the context of transition
functions.

Theorem 6.2. Let A € T'. Then A has the form A = po z"R(z™) for some
w € ki[[2]], R € k[[z]], and integers m > 2, r > 0 if and only if any transition
function w4 has the form a = zM(2™) for some M € ko[[]].

Proof. Let us fix e, € UL. If some ¢4 € G 4 has the form g4 = zM (2™), then ¢4
commutes with e,,z, implying that

Acepz=Aoppoenz=(Aoe,z)opa.

Thus, ¢4 belongs to G aoe,, .. Therefore, if any ¢4 € G 4 has the above form, then
Ga = G goe,,, implying by Theorem 1.2 that

(34) Aoegpz=voA

for some v € k1[[2]].
Since (34) implies that

Ao(ep2)t =vl0A, 1>1,

the number d = |v] is finite and divides m. If d = 1, that is, if ¥ = z, then applying
Lemma 2.2 to equality (34) we conclude that A = R(z™) for some R € k[[z]]. On
the other hand, if d > 1, then v = ¢ for some F € kq[[2]] by Lemma 3.2, and
hence

v = Broezofiy!
for some Botcher function Sr and € € Uy by Lemma 3.1. Moreover, since d divides
m, the equalities € = €], and

v=PBrocpzof

hold for some 7, 0 < 7 < m — 1. Substituting the right part of the last equality for
v in (34), we see that

(Bp'oA)oenz =ep,z0(Bp' o A).
Hence, by Lemma 2.2,
BploA=z"R(=™),
for some R € k[[z]]. Thus, the equality A = p o z"R(z™) holds for p = Sp.

In the other direction, if A = p o 2"R(2™), then applying Corollary 4.3 to the
function

~

F=Aoz"=2z"opu toA,
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where A = 2"R™(z), we conclude that any w4 € G4 commutes with @,m = €,,2.
Therefore, any ¢4 has the form ¢4 = zM (2™) by Lemma 2.2. O

Corollary 6.3. Let A € T'. Then A has a compositional right factor C € T of the
form C = z"R(z™) for some R € k[[z]] and integers m > 2, r > 0 if and only if
some transition function v # z has the form @ = zM (2™) for some M € ko[[z]].

Proof. 1f A has such a factor, then by Theorem 1.2 the group G4 contains the
non-trivial group G¢ as a subgroup. Moreover, all elements of the last group have
the form zM (z™) by Theorem 6.2.

In the other direction, let us assume that some transition function ¢4 # z has
the form p4 = zM(2™) and set d = |p4|. By Lemma 3.2, o4 = ¢ for some C € T
of order d, and it is clear that Go = (pa). Thus, A = B o C for some B € zk[[z]]
by Theorem 1.2. Moreover, since any iterate of a series of the form zM (2™) also
has such form, it follows from G = (pa) by Theorem 6.2 that C' has the form
o z"R(z™) for some p € ki[[z]]. Finally, changing B to B o u, we may assume
that C = z"R(z™). O

6.2. Decompositions of formal powers series with symmetries. Below, we
provide some applications of Theorem 6.1 and Theorem 6.2. We start by proving
Theorem 1.4.

Proof of Theorem 1.4. Let us fix ,, € UL. Let

(35) A= A0 A,

be a decomposition of A with A;, A € I'. Considering the equality
Aoz = (2™ o0 Ay) o Ag,

where A = 2"R™(z), and using Corollary 4.3, we see that any ¢4, € G4, commutes
with the transition function ¢,m = e,,2. Thus, any ¢4, € G4, has the form
zM(z™) for some M € ko[[z]] by Lemma 2.2, and hence
(36) As = poz"Ry(2™)
for some p € k1[[2]], Rz € k[[#]], and r2 > 0, by Theorem 6.2.
Furthermore, it follows from the equality

2"R(z™) = Ay opoz"Ry(2™)

that
(A1 opo ZT2R2(Zm)) OEmZ =€,,20 (A1 opo ZT2R2(Zm)),
implying that
Ajopoe?zozRo(2™) =¢ 20 A1 0p022Ro(2™)
and
Ajopoe?z=c¢] z0A op.

m

Wth root of unity, it follows now from Lemma 2.2

Since €2 is a primitive
that
Arop = 2" Ry (2505 )
for some R; € k[[z]] and r; > 0. Thus,
(37) Ay = 2" Ry (zeatam ) o L
Finally, it follows from (35) and (36), (37) that r1re = r (mod m). O
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Notice that in general the series A; in a decomposition A = A; o As of a sym-
metric series A is “less symmetric” than A. Moreover, if ro = 0, then A; may be
not symmetric at all. Nevertheless, the following statement is true.

Corollary 6.4. Let A € T be a formal power series of the form A = z"R(2™),
where R € k[[z]] and m > 2, r > 1 are integers such that gcd(r,m) = 1. Then for
any decomposition A = Ay o Ay, where Ay, As € T, there exist Ry, Ro € k[[2]] and
W € k1[[z]] such that

Ay =2""Ri(z™) op™t, Ay =poz"Ry(2™)
for some integers r1,r9 > 1 such that ged(ri,m) =1 and ged(ra, m) = 1.

Proof. Since the numbers 71,79 appearing in formulas (36), (37) satisfy the con-
dition 172 = 7 (mod m), it follows from ged(r,m) = 1 that ged(r;,m) = 1 and
ged(ra, m) = 1. Moreover, since ged(re, m) = 1 implies that

m

. el "

the series A; has the required form. O
Corollary 6.5. Let A € T be an even formal power series. Then for any decompo-
sition A = Ay o Aa, where Ay, As €T, either A is even, or there exists u € kq[[z]]

such that p=' o Ay is odd and Ay oy is even. On the other hand, if A is odd, then
there exists ju € ky|[[2]] such that Ay o u and p=' o Ay are odd.

Proof. If A is even, then m = 2 and » = 0 (mod 2). Therefore, the condition
rire = r (mod m) implies that either ro = 0 (mod 2), in which case As is even,
or 12 = 1 (mod 2) but r; = 0 (mod 2), in which case u~! o Ay is odd and A;j o p
is even by (38). On the other hand, if A is odd, then m = 2 and r = 1 (mod 2).
Thus, the corollary follows from Corollary 6.4. (|

It was shown by Reznick in [36] that if A € zk[[z]] is a formal power series such
that some iterate of A has the form A°® = z"R(z™) for some R € zk[[z]] and
integers m > 2, r > 0, then either A itself has a similar form, or ord A = 1 and
|A| is finite. We finish this section by showing that the part of the Reznick result
concerning formal power series of order at least two is an immediate corollary of
Theorem 6.1.

Theorem 6.6. Let A € T'. Then some iterate A°®, s > 1, has the form
A°® = Z"R(z™) for some R € E[[z]] and integers m > 2, r > 0 if and only if
A= 2"Ry(2™) for some Ry € k[[z]] and integer 1o > 0.

Proof. The “if” part is obvious. To prove the “only if” part we observe that if 54 is
some Boéttcher function for A, then 4 remains a Bottcher function for A°%, s > 1.
Thus, if A°® = 2"R(2™) for some s > 1, the “only if” part of Theorem 6.1 implies
that 84 = 2L(2™) for some L € ko[[z]]. Using now the “if” part, we conclude that
A has the required form. O

Let us mention that for every m > 2 there exist series A € I' that do not have the
form z"R(z™) but have compositional right factors of this form. Indeed, arguing
as in the proof of Theorem 1.4, one can easily see that a composition of series
A = Boz"R(z™) with ged(r,m) = 1 has the form 2" R;(2™) if and only if B has
the form 2" Ro(2™). Thus, if B does not have such a form, the same is true for A.
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Notice that for series A as above some transition functions have the form zM (2™)
and some do not. Indeed, all functions ¢4 cannot have the form zM(2™) by
Theorem 6.2, but some of them have this form by Corollary 6.3. Since G4 is a
cyclic group, this gives us examples of series of order one for which Theorem 6.6 is
not true.

7. FUNCTIONAL EQUATION X o A =Y o B AND REVERSIBILITY

7.1. Functional equation X o A = Y o B. We start this section by proving
Theorem 1.3 and Theorem 1.6.
Proof of Theorem 1.3. If
(39) XoA=YoB,
has a solution, then setting
F=XoA=YoB

and applying Corollary 4.3, we see that
(40) PACYB =¥YBOYA
for all p4 € G4 and pp € Gp.

To prove the “if” part, let us observe that Lemma 3.4 implies that condition
(40) is equivalent to the condition that

PA, C¥PB, = ¥PB, CPA,

for all w4, € Ga, and ¢p, € Gp, for some pu € ki[[z]]. Similarly, equation (39)
has a solution for A and B if and only if it has a solution for A, and B, for some
u € k1[[2]]. Thus, conjugating A and B by u = 4, without loss of generality we
can assume that A = 2", n > 2.

Applying Lemma 2.2 to equality (40) for o4 = @p.n = e,z, where ¢, € UL,
we see that any pp € Gp has the form ¢pp = zM(z"™) for some M € ko[[z]]. By

Theorem 6.2, this yields that B has the form B = po 2" R(2™) for some p € k1[[#]],
R € k[[z]], and r > 0. Therefore, equality (39) holds for

X=2"R"(z2), Y=z"ou " O

Proof of Theorem 1.6. Let us set n = ord A, m = ord B. If (4) has a solution in
X,Y € zk[[z]] for all s,1 > 1, then by Theorem 1.3 the transition functions

(41) Aol = 614 O Enlz © ﬂgla P Bos = 63 O Emsz O ﬁgla Svl 2 17
where €, € Ufl and &,,s € U,,Izs, commute, implying that
(Bg' oBaoenzo By 0BB)oEmsz =emsz0 (B 0 BaoemzoBy " oBp).

Fixing now [ and &,; and applying Lemma 2.2, we see that for every s > 1 there
exists R, € k[[z]] such that

ﬁél oflg0Enz o0 [3;1 o Bp = zRs(2™").
Clearly, this is possible only if
BptoBaceuzofylofp =cz,

for some ¢ € k*, and comparing coefficients in the parts of this equality we conclude
that

ﬂél © ﬂA O &niz o 521 © ﬂB = Enlz.
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The last equality implies that B;l o B4 commutes with €,;z. Since this is true
for every [ > 1 and €,,; € Ul}, using again Lemma 2.2, we conclude that for every

[ > 1 there exists M; € ko[[z]] such that
85" 0 Ba=zM(z"),

implying that 4 = g o cz for some c € k*.

In the other direction, it is easy to see that if 54 = Bp o cz for some ¢ € k*, then
for all s,I > 1 transition functions (41) commute, implying by Theorem 1.3 that
(4) has a solution. O

Theorem 1.6 implies the following result, obtained by Dorfer and Woracek (see
[13], Proposition 3.11).

Corollary 7.1. Let A, B € T' be formal power series, and 54, Bp some Bétcher
functions. Then A and B commute if and only if o = Bpoez for some € satisfying

E(ordA—l)(ord B-1) _ 1.

Proof. Let us set n =ord A, m = ord B. If A and B commute, then for all s,I > 1
the iterates A° and B°* also commute, implying that (4) has the solution X = B°*,
Y = A°. Thus, B4 = Bp o cz for some ¢ € k* by Theorem 1.6. Furthermore, since

(42) A=ppoczoz"oc tzopy", B=pgoz"opBg,
it follows from the commutativity of A and B that

C—(n—l) — C—(n—l)m'

On the other hand, if 84 = Bp o ¢z for some ¢ satisfying ¢(»~D(m=1) = 1, then (42)
implies that A and B commute. ([l

7.2. Right reversibility of subsemigroups of I'. Let us recall that a semigroup
S is called right amenable if it admits a finitely additive probability measure u
defined on all the subsets of S such that for all @ € S and T' C S the equality

u(Ta™) = p(T)
holds, where the set Ta~! is defined by the formula
Ta'={seS|sacT}

A semigroup S is called right reversible if for all a,b € S the left ideals Sa and
Sb have a non-empty intersection, that is, if for all a,b € S there exist x,y € S
such that xa = yb. It is well known and follows easily from the definition (see [34],
Proposition 1.23) that every right amenable semigroup is right reversible.

The problems of describing right reversible and right amenable semigroups of
polynomials and rational functions have been studied in the recent papers [10],
[11], [32]. Some analogues of the results of these papers for finitely generated
subsemigroups of I" were obtained in the paper [33], mentioned in the introduction.
The approach of [33] relies on the results of [31], for which the assumption that
S is finitely generated is essential. Theorem 1.6 provides another approach to
the problem, which works equally well for infinitely generated subsemigroups of T
Specifically, Theorem 1.6 implies the following result, which contains Theorem 1.5
from the introduction.
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Theorem 7.2. Every right reversible subsemigroup S of I' is conjugate to a sub-
semigroup of Z. In particular, every right amenable subsemigroup S of I is conju-
gate to a subsemigroup of Z.

Proof. Let us fix an arbitrary element A of S. Then for every B € S and all
5,1 > 1, we can apply the right reversibility condition to the elements A° and B°*
of S concluding that there exist X,Y € S such that equality (4) holds. Therefore,
by Theorem 1.6, for every B € S the equality 54 = p o ¢z holds for some ¢ € k*,
implying that

BaloBoBa=(Bpocz) toBo(Bpocz)=c'z085 o(BopBp)ocz=

=c 2085 0 (Bpoz™)ocy ="t

)

where m = ord B. Thus, the semigroup [3;1 oS o 84 is a subsemigroup of Z. O
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