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FUNCTIONS
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ABSTRACT. Let A be a rational function of one complex variable of degree at
least two, and zg its repelling fixed point with the multiplier A. A Poincaré
function associated with zp is a function P4 ., » meromorphic on C such that
Pa,20,2(0) = 20, Py . 1(0) # 0, and P4 2,3 (Az) = AoPa (A (2). In this pa-
per, we study the following problem: given Poincaré functions P4, ., , and
P A5,20,29, find out if there is an algebraic relation f(Pa; 21,01, PAag,z0,0,) =0
between them and, if such a relation exists, describe the corresponding al-
gebraic curve f(z,y) = 0. We provide a solution, which can be viewed as a
refinement of the classical theorem of Ritt about commuting rational functions.
We also reprove and extend previous results concerning algebraic dependencies
between Boéttcher functions.

1. INTRODUCTION

Let A be a rational function of one complex variable of degree at least two, and
zp its repelling fixed point with the multiplier A\. We recall that a Poincaré function
P a,2,,x associated with zg is a function meromorphic on C such that P 4 ., 1 (0) = 2o,

"4.20.1(0) # 0, and the diagram

c -2, C

TA,ZO,,\l l:PA,zO,/\

cpt —4 cpt

commutes. The Poincaré function exists and is defined up to the transformation
of argument z — cz, where ¢ € C* (see e. g. [12]). In particular, it is defined in
a unique way if to assume that P’y _ ,(0) = 1. Such Poincaré functions are called
normalized. In this paper, we will consider non-normalized Poincaré functions, so
the explicit meaning of the notation P4 ,  is following: P4 ., is some meromor-
phic function satisfying the above conditions. We say that a rational function A
is special if it is either a Lattes map, or it is conjugate to z*" or +T),. Poincaré
functions associated with special functions can be described in terms of classical
functions. Moreover, by the result of Ritt [29], these functions are the only Poincaré
functions that are periodic.

In this paper, we study the following problem. Let A;, A5 be non-special rational
functions of degree at least two with repelling fixed points 21, 22, and P, 2, 2,
P 4,,25,2, corresponding Poincaré functions. Under what conditions there exists an
algebraic curve f(x,y) = 0 such that

(1) f({‘])Al,Zl,)\mﬂjAz,Zz,/b) =0
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and, if such a curve exists, how it can be described? The simplest example of
relation (1) is just the equality

(2) iPx‘\l,zo,/\1 = TAQ,ZO,)\zv

which is known to have strong dynamical consequences. Specifically, equality (2)
implies that A; and As commute. On the other hand, by the theorem of Ritt (see
[28] and also [6], [23]), every two non-special commuting rational functions of degree
at least two have a common iterate. Thus, equality (2) implies that

3) Ash = agh

for some integers I1,ls > 1. Moreover, the Ritt theorem essentially is equivalent to
the statement that equality (2) implies equality (3), since it was observed already
by Fatou and Julia ([8], [9]) that if two rational functions commute, then some of
their iterates share a repelling fixed point and a corresponding Poincaré function.

To our best knowledge, the problem of describing algebraic dependencies between
Poincaré functions has never been considered in the literature. Nevertheless, the
problem of describing algebraic dependencies between Bdéttcher functions, similar in
spirit, has been investigated in the papers [2], [14]. We recall that for a polynomial
P of degree n a corresponding Bottcher function Bp is a Laurent series

(4) Bp=aiz+ao+ =+ 5+ €2CL/H), an £0,
that makes the diagram

c 2, ¢

(5) 3% lBA

cpt —— cpt
commutative. In this notation, the result of Becker and Bergweiler [2] (see also [3]),
states that if A; and As are polynomials of the same degree d, then the function
B=Ba, 0 3;121 is transcendental, unless either 3 is linear, or A; and As are special
(notice that since a polynomial cannot be a Lattés map, a polynomial is special if
and only if it is conjugate to z™ or £7},). Since the equality

f(Ba,(2),Ba, (Z)) =0

holds for some f(x,y) € C[z,y] if and only if the function § is algebraic, this result
implies the absence of algebraic dependencies of degree greater than one between
B4, (z) and B a,(z) for non-special A; and As of the same degree.

Subsequently, it was proved by Nguyen in the paper [14] that the equality

(6) f(BAl (Zdl)agAz (ZdQ)) =0

holds for some integers dy,ds > 1 if and only if there exist polynomials X;, X, B
and integers l1,lo > 1 such that the diagram

cpy L2, (cpy
(Xl,X2)l J{(Xth)
oly olg
(CP!)2 (A71,4,7) (CP!)2
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commutes. Notice that although the result of Nguyen deals with the more general
situation than the result of Becker and Bergweiler, the former does not formally
imply the latter.

Let us recall that an algebraic curve C : f(x,y) = 0 has genus zero if and only
if it admits a parametrization z — (X;(z), X2(z)) by rational functions X;, Xo.
Such a parametrization is called generically one-to-one if it is one-to-one except for
finitely many points. By the Liiroth theorem, this equivalent to say that X; and
X generate the whole field of rational functions C(z). In this notation, our main
result is the following analogue of the result of Nguyen.

Theorem 1.1. Let Ay, Ay be non-special rational functions of degree at least two,
21, %2 their repelling fived points with multipliers A1, A2, and Pa, 21z, Pag 2000
Poincaré functions. Assume that C : f(x,y) = 0 is an irreducible algebraic curve,
and dy, do are coprime positive integers such that the equality

(7) f (:PA17Z17>\1 (Zdl)v :PA2,Z2,>\2 (Zdz)) =0

holds. Then C has genus zero. Furthermore, if C : f(z,y) = 0 is an irreducible
algebraic curve of genus zero with a generically one-to-one parametrization by ra-
tional functions z — (X1(2), X2(2)), and dy, ds are coprime positive integers, then
equality (7) holds for some Poincaré functions Pa, 2. a1, Pas.zen, if and only if
there exist positive integers ly,la, k and a rational function B with a repelling fixed
point zy such that the diagram

(C]Pl)2 (B,B) (C]PI)Q
(8) (Xl,Xz)l l(xl,xg
oly olg
(cpt)2 LA opry2,
commutes and the equalities
(9) Xi1(20) = 21,  Xa(20) = 20,
(10) OI‘dZOXl = dlk, OI‘dZOXQ = ko

hold.

Notice that Theorem 1.1 can be considered as a refinement of the Ritt theorem.
Indeed, equality (2) is a particular case of the condition (7), where

fl@y)=z-y=0
is parametrized by the functions X; = 2z, X5 = 2. Thus, in this case diagram (8)
reduces to equality (3). More generally, considering the curve © — R(y) = 0, where
R is a rational function, we conclude that the equality

j)AhZh)\l =Ro :PA2,22,)\2
implies that there exist [1,l5 > 1 such that the diagram

olg

cpt 22, cpt

[ [
A°ll
CcpPt —— CP!
cominutes.



4 FEDOR PAKOVICH

Notice also that Theorem 1.1 implies the following handy criterion for the alge-
braic independence of Poincaré functions.

Corollary 1.2. Let A1, Ay be non-special rational functions of degrees n; > 2,
ng > 2, and z1, zo their repelling fized points with multipliers A1, Ao. Then Poincaré
functions Pa, 2, n» Pa,y, 200, are algebraically independent, unless there exist posi-

tive integers Iy, lo and 1,1y such that n'* = nk and )\lf = )\l22.

In addition to Theorem 1.1, we prove the following more precise version of the
theorem of Nguyen, which formally includes and generalizes the result of Becker
and Bergweiler.

Theorem 1.3. Let Ay, As be non-special polynomials of degree at least two, and
Ba,, Pa, Bdttcher functions. Assume that C : f(z,y) = 0 is an irreducible alge-
braic curve, and dy, ds are coprime positive integers such that the equality

(11) F(Ba, (z7), Bay(2%)) =0

holds. Then C has the form Yi(z) — Ya(y) = 0, where Y1,Ys are polynomi-
als of coprime degrees, and can be parametrized by polynomials. Furthermore, if
C : f(z,y) = 0 is an irreducible algebraic curve as above with a generically one-
to-one parametrization by polynomials z — (X1(2), X2(2)), and dy, da are coprime
positive integers, then equality (11) holds for some Bdttcher functions Ba,, Ba,
if and only if there exist positive integers ly,ls and a polynomial B such that the
diagram
(B,B)

(CPYH)2 ——= (CP')?
(12) (leXz)l l(xl,)ﬁ)
oly olg
(CP)? 2 (P,
commutes, and the equalities
(13) degX1 = dl, deng = dg

hold. In particular, the equality

f (CBAI (Z)v Ba, (Z)) =0

implies that C : f(x,y) = 0 has degree one and some iterates of A; and As are
conjugate.

Notice that the parameters dy, ds appear in conclusions of both Theorem 1.1 and
Theorem 1.3. However, the condition (10) is less restrictive than the condition (13).
In particular, applying Theorem 1.3 for d; = do = 1 we conclude that algebraic
dependencies between Botcher functions are essentially trivial. On the other hand,
algebraic dependencies between Poincaré functions do exist (see Section 3).

The approach of Nguyen to the study of algebraic dependencies (6) relies on
the fact that such dependencies give rise to invariant algebraic curves for endomor-
phisms

(14) (A1, As) = (CPH? — (CPY)?,
given by the formula

(15) (21,22) = (A1(21), A2(22)),
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where A; and As are polynomials. Say, for A; and As of the same degree n, this
can be seen immediately, since after substituting z™ for z into (6) we obtain the
equality

F(A10Ba,(5™), Az 0 Ba, (%)) =0,

implying that f(x,y) = 0is (A;, As)-invariant. Invariant curves for endomorphisms
(14) were classified by Medvedev and Scanlon in the paper [11], and the proof of
the theorem of Nguyen relies crucially on this classification.

Our approach the the study of algebraic dependencies (1) is similar. However,
instead of the paper [11] we use the results of the recent paper [24] providing
a classification of invariant curves for endomorphisms (15) defined by arbitrary
non-special rational functions Ay, A. Notice that the paper [11] is based on the
Ritt theory of polynomial decompositions ([27]), which does not extend to rational
functions. Accordingly, the approach of [24] is completely different and relies on
the recent results [16], [18], [19], [20], [21] about semiconjugate rational functions,
which appear naturally in a variety of different contexts (see e. g. [4], [7], [10], [11],
[14], [17], [20], [22], [24]).

This paper is organized as follows. In the second section, we review the notion of
a generalized Lattés map, introduced in [20], and recall some results about semicon-
jugate rational functions and invariant curves proved in [24]. In the third section,
we prove Theorem 1.1. We also show that for rational functions that are not gen-
eralized Lattes maps equality (7) under the condition GCD(dy,ds) = 1 implies the
equality d; = da = 1 (Theorem 3.6). Finally, in the fourth section, basing on results
of the paper [17], which complements some of results of [11], we reconsider algebraic
dependencies between Bottcher functions and prove Theorem 1.3.

2. GENERALIZED LATTES MAPS AND INVARIANT CURVES

2.1. Generalized Lattés maps and semiconjugacies. Let us recall that a
Riemann surface orbifold is a pair O = (R, v) consisting of a Riemann surface R
and a ramification function v : R — N, which takes the value v(z) = 1 except at
isolated points. For an orbifold O = (R, v), the Fuler characteristic of O is the
number

x<0>—x<R>+;(V(1z)1).

For orbifolds Ol = (Rl,lll) and OQ = (RQ,VQ), we write Ol j OQ if R1 = R2 and
for any z € Ry the condition v;(2) | v2(z) holds.

Let O; = (Ry,v1) and Oy = (Ra,vs) be orbifolds, and let f : Ry — Ry be a
holomorphic branched covering map. We say that f: O; — O is a covering map
between orbifolds if for any z € Ry the equality

va(f(2)) = vi(z)deg . f

holds, where deg , f is the local degree of f at the point z. If for any z € R; the
weaker condition

(16) va(f(2)) | vi(2)deg . f

is satisfied, we say that f : O; — Og is a holomorphic map between orbifolds. If
f: 01 = Oq is a covering map between orbifolds with compact supports, then the
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Riemann-Hurwitz formula implies that

(17) X(01) = x(Oz)deg f.
More generally, if f: O; — O9 is a holomorphic map, then
(18) X(01) < x(02) deg f,

and the equality is attained if and only if f: O; — 05 is a covering map between
orbifolds (see [16], Proposition 3.2).

Let Ry, Ro be Riemann surfaces and f : Ry — Ry a holomorphic branched
covering map. Assume that Ry is provided with a ramification function v5. In
order to define a ramification function v; on R; so that f would be a holomorphic
map between orbifolds O; = (Ry,v1) and Oz = (Ra,v2) we must satisfy condition
(16), and it is easy to see that for any z € Ry a minimum possible value for v (z)
is defined by the equality

(19) va(f(2)) = 1 (2)GCD(deg . f, v2(f(2))-

In case (19) is satisfied for any z € R;, we say that f is a minimal holomorphic
map between orbifolds 01 = (Ry,v1) and Oy = (Ra, 19).

We recall that a Lattés map can be defined as a rational function A such that
A: O — O is a covering self-map for some orbifold O on CP! (see [13], [20]). Thus,
Ais a Lattes map if there exists an orbifold O = (CP!, v) such that for any 2 € CP!
the equality

V(A(2)) = v(z)deg . A

holds. By formula (17), such O necessarily satisfies x(0) = 0. Following [20], we
say that a rational function A of degree at least two is a generalized Lattés map if
there exists an orbifold O = (CP,v), distinct from the non-ramified sphere, such
that A : O — O is a minimal holomorphic self-map between orbifolds; that is, for
any z € CP!, the equality

v(A(2)) = v(2)GCD(deg , A, v(A(2)))

holds. By inequality (18), such O satisfies x(O) > 0. Notice that any special
rational function is a generalized Latteés map and that some iterate A°, [ > 1, of
a rational function A is a generalized Lattés map if and only if A is a generalized
Lattes map (see [24], Section 2.3).

Generalized Lattes map are closely related to the problem of describing semi-
conjugate rational functions, that is, rational functions that make the diagram

CP' —Z— CP!
(20) x| |

cp' —2 cp
commutative. For a general theory we refer the reader to the papers [16], [18],
[19], [20], [21]. Below we need only the following two results, which are simplified
reformulations of Proposition 3.3 and Theorem 4.14 in [24].

The first result states that if the function A in (20) is not a generalized Lattes
map, then (20) can be completed to a diagram of the very special form.
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Proposition 2.1. Let A be a rational function of degree at least two that is not a
generalized Lattes map, and X, B rational functions such that diagram (20) com-
mutes. Then there exists a rational function' Y such that the diagram

cp! —2 cp!

x| |x

cp! —2 cp!

Yl ly
cpt —2 cp!
commutes, and the equalities
YoX =B XoY = A%,
hold for some d > 0.

The second result relates an arbitrary non-special rational function with some
rational function that is not a generalized Latteés map through the semiconjugacy
relation.

Theorem 2.2. Let A be a non-special rational function of degree at least two. Then
there exist rational functions 6 and F such that F is not a generalized Lattés map
and the diagram

cp! — £ cp!

0l le
cpt —2 - CP.
commutes. O

2.2. Invariant curves. Let A, As be rational functions, (A1, As) the map given
by formulas (14), (15), and C an irreducible algebraic curve in (CP')2. We say
that C'is (A1, Ag)-tnvariant if (A1, A2)(C) = C. We recall that a desingularization
of C' is a compact Riemann surface C together with a map 7 : C — C, which is a
biholomorphic except for finitely many points.

The simplest (A, As)-invariant curves are vertical lines © = a, where a is a fixed
point of A;, and horizontal lines y = b, where b is a fixed point of As. Other
invariant curves are described as follows (see [24], Theorem 4.1).

Theorem 2.3. Let Ay, Ay be rational functions of degree at least two, and C' an
irreducible (A1, Ag)-invariant curve that is not a vertical or horizontal line. Then
the desingularization C of C' has genus zero or one, and there exist non-constant
holomorphic maps X1, X : C — CP! and B: C — C such that the diagram

©p LEZ, oy
(X1,X2)l l(X17X2)
(Cptyz A2 cpry2

commutes and the map t — (X1(t), Xa(t)) is a generically one-to-one parametriza-
tion of C. Finally, unless both Ay, As are Lattés maps, C' has genus zero. (]
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For a general description of (A1, As)-invariant curves we refer the reader to the
paper [24]. Below we need only the following description of invariant curves in case
Ay = Ay (see [24], Theorem 1.2).

Theorem 2.4. Let A be a rational function of degree at least two that is not a
generalized Lattés map, and C an irreducible algebraic curve in (CPY)? that is not
a vertical or horizontal line. Then C is (A, A)-invariant if and only if there exist
rational functions Uy, Us, Vi, Vo commuting with A such that the equalities

UyoVi=UsoVy =A%,

VioUp =VaoU; = A%
hold for some d > 0 and the map t — (U1(t), U2(t)) is a parametrization of C. O

Notice that in general the parametrization ¢ — (Uy(t), U2(t)) provided by The-
orem 2.4 is not generically one-to-one.

3. ALGEBRAIC DEPENDENCIES BETWEEN POINCARE FUNCTIONS

Our proof of Theorem 1.1 is based on the results of Section 2 and the lemmas
below.

Lemma 3.1. Let C : f(x,y) = 0 be an irreducible algebraic curve that admits
a parametrization z — (p1(2),p2(z)) by functions meromorphic on C. Then the
desingularization C of C' has genus zero or one and there exist meromorphic func-
tions p: C— C and @1 : C — CP, &y : C — CP' such that

1 =¢100, Y2 = 200,
and the map z — ($1(2), 2(2)) from C to C is generically one-to-one.

Proof. The lemma follows from the Picard theorem (see [1], Theorem 1 and Theo-
rem 2). O

Lemma 3.2. Let A be a non-special rational function of degree at least two, and
zo its fixed point with the multiplier A. Assume that W is a rational function of
degree at least two commuting with A such that zg is a fized point of W with the
multiplier p. Then there exist positive integers | and k such that pt = \F.

Proof. By the theorem of Ritt, there exist positive integers [ and k& such that
Wel = A°k and differentiating this equality at zo we conclude that u! = A\*. O

Lemma 3.3. Let A, B be rational functions of degree at least two, and X a non-
constant rational function such that the diagram

cpl —2 . cp!

| |+
cpt —2 cpt
commutes. Assume that zg is a fized point of B with the multiplier \g. Then
z1 = X(20) is a fized point z1 of A with the multiplier

(21) Ap = Mgtz
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In particular, zg is repelling if and only if z1 is repelling. Furthermore, if zy is
repelling and Pp ., » is a Poincaré function, then the equality

da X\ _
(22) TA7ZI»)\1 (Zor 0 ) =Xo UDB’ZO’)\O
holds for some Poincaré function P4 -, x, .

Proof. It is clear that z; is a fixed point of A, and a local calculation shows that
equality (21) holds. Thus, z; is a repelling fixed point of A if and only if zg is a
repelling fixed point of B.

The rest of the proof is obtained by a modification of the proof of the uniqueness
of a Poincaré function (see e.g. [12]). Namely, considering the function

_ mp—1
G= :PA,Zl,)\l oXo TszOM\O

holomorphic in a neighborhood of zero and satisfying G(0) = 0, we see that

G(Aoz) = CPZ}ZMM oXoBoPp.x = CPZ}ZMM 0AoX oPg i =
_ d.g X
=XAo TA,lz1,>\1 0 X 0Pp N = )‘gr T G(2).
Comparing now coefficients of the Taylor expansions in the left and the right parts

of this equality and taking into account that A is not a root of unity, we conclude
that G = z°™=0X  implying (22). O

Lemma 3.4. Let A be a rational function of degree at least two, zy its repelling
fized point with the multiplier A\, and Pa ., » a Poincaré function. Assume that
C : f(z,y) = 0 is an irreducible algebraic curve, and di,dy are positive integers
such that the equality

(23) f (TA7207A0 (Zdl)7 j)A,Zo,)\o (Zd2)) = 0
holds. Then di = ds, and C is the diagonal x = y.

Proof. Since

(24) z— (?A7207/\0 (Zdl)’fPA,Zo,)\o (Zdz))

is a parametrization of C, it is clear that C' is not a vertical or horizontal line. Fur-
thermore, substituting Aoz for z into (23), we see that the curve C is (A°%, A°42)-
invariant. Therefore, by Theorem 2.3, there exist non-constant holomorphic maps
X1,X5:C — CP! and B : C — C such that the diagram

@ 22 @
(X1,X2)l l(Xth)
odq odg
(CP!)2 (A%, A4°72) (CP!)2

commutes. Thus,
deg A°¥" = deg A°% = deg B,

and hence d; = ds. Since the parametrization of C has the form (24), this implies
that C is the diagonal. O
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Corollary 3.5. Let Ay, Ay be rational functions of degree at least two, zy, zo their
repelling fized points with multipliers A1, Aa, and Pa, 21 A, 5 Pay 200, Poincaré func-
tions. Assume that C : f(x,y) = 0 is an irreducible algebraic curve and dy, da, Elvl, gg
are positive integers such that GCD(dy,d2) = 1 and the equalities

(25) f (TAl,Zh)\l (Zd1)7 ?A2’22’)\2 (Zdz)) =0,

(26) f (fPAhZh/\l (Zdl)’fPAzyzz,Az (Zd2)) =0

hold. Then there exists a positive integer k such that the equalities
(27) dy = kdy, dy = kdy

hold.

Proof. Tt is clear that equalities (25), (26) imply the equalities
f (CPAl,Zl,)\l (Zdld1 )7 TAz,Zz,)\z (Zd?dl)) =0

and

f (TAI»ZI;)\I (Zdldl)ﬂ?Az’Zm/\z (Zd1d2)) =0.

Eliminating now from these equalities P4, ., A, (z“’/lgl)7 we conclude that the func-
tions Pa, ., 2, (2%29) and Pa, ., 1, (29192) are algebraically dependent. Therefore,
dyds = dids by Lemma 3.4, implying (27). O

Proof of Theorem 1.1. Let C' : f(z,y) = 0 be an irreducible algebraic curve with
a generically one-to-one parametrization by rational functions z — (X1(2), Xa(2)),
and dy, da coprime positive integers. Assume that diagram (8) commutes for some
rational function B with a repelling fixed point zy and equalities (9), (10) hold.
Then denoting the multiplier of zy by A and using Lemma 3.3, we see that

(28) >\l11 — )\ordzoXl7 )\122 _ /\ordzOXQ’
and

0=f(X1,X2)=f(X10Pp 7, Xo0Pp.2) =

B (?Ai’“.,zl,Ail (20700 ™) P agia o, at2 (z0rdz02) )
Since
:PA‘;ll)Zh)\lll (Z) = jj141,21,)\1 (Z)v :PAng)Z%)\l; (Z) = ?Az,zz,Az (Z)v

this implies that

(29) f(?Al,zl,)\l (ZordzOXl) 7TA2,z2,)\2 (zordzOXz) ) =0.

Finally, (10) implies that if (29) holds, then (7) also holds. This proves the “if”
part of the theorem.

To prove the “only if” part, it is enough to show that equality (7) implies that
there exist positive integers 71,7 such that

(30) A= AR = A

Indeed, in this case substituting Az for z into (7) we obtain the equality

d d
f<A(:i o iPAl,Zl)\l (Zd1>7AS "0 :PA272’2’/\2 (Zd2)> =0.
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Therefore, for

li =dir1, la=dara,
the curve C'is (AS"", A3 )-invariant, implying by Theorem 2.3 that C' has genus zero
and there exist rational functions X7, X5 and B such that diagram (8) commutes
and the map z — (X;(z), X2(2)) is a generically one-to-one parametrization of C.
Further, it follows from Lemma 3.1 that there exists a meromorphic function ¢
such that the equalities

:PAtha)\l (Zdl) =Xio0 @(2)7 :PAz,Zz,kz (ZdQ) =Xs0 (p(Z)
hold. Thus,

z1 = :PAl,Zl,/\l (0) =Xy0 <»0(0)7 z2 = j31427227)\2 (0) =X3o0 30(0)7

implying that equalities (9) hold for the point zo = ¢(0).

Since z; and zy are fixed points of A; and As, the point zg is a preperiodic point
of B. Thus, changing in (8) the functions B and A({ll7 A;lz to some of their iterates,
and the point zy to some point in its B-orbit, we may assume that zy is a fixed
point of B. Moreover, zg is repelling by Lemma 3.3. Let us recall now that, by
what is proved above, (8) and (9) imply (29). Thus, equalities (7) and (29) hold
simultaneously and hence equalities (10) hold by Corollary 3.5.

Let us show now that (7) implies (30). Assume first that A; and Ay are not
generalized Lattés maps. Substituting Aoz for z into equality (7) we obtain the
equality

f<j)A1,21,>\1 © (/\QZ)dl ) (J)Az,zz)\z © (/\2Z)d2) -
- f(:PAl’Zl’/\l ° ()‘2Z)d17‘4;d2 0P azz0.0, © Zdz) =0
implying that the functions P4, -, », ©(A22)% and Pa, ., 1, 02% satisfy the equality
(31) g(TAth,)\l °© ()‘QZ)dl ) ?Az,zz,)\z °© Zd2) =0,

where g(z,y) = f(z, A5 (y)). Eliminating now from (7) and (31) the function
P Ay 0, © 2%, we conclude that the functions Pa, ., n, 024 and Pa, ., x, 0 (A22)h
are algebraically dependent. In turn, this implies that the functions P4, ., i, (%)
and P4, ., 1, (A9 2) also are algebraically dependent.

Let C : f(x, y) = 0 be a curve such that

F(Pasein (2, Pageon (A22)) =0

Then substituting A1z for z we see that f is (A1, Ay)-invariant. Therefore, by
Theorem 2.4, there exist rational function Vi and V5 commuting with A; such that
C is a component of the curve

implying that the equality
(32) Vio ?Al,zl)\l (Z) =Vzo0 TAI;ZI;)\I ()‘gl'Z)

holds. Furthermore, it follows from the Ritt theorem that there exist positive
integers s1, S2, and s such that

(33) VoS = VS = AP



12 FEDOR PAKOVICH

Since (32) implies that for every [ > 1 the equality
Vlol oVjo :PAlyzh)\l (Z) = Vlol oVyo :PA1721,>\1 ()‘gl Z)
holds, setting
Wi =V, We =V Yoy,
we see that W7 and W5 also commute with A; and satisfy
(34) Wyo j)Ath,)\l (Z) =Wyo (PAth,)q (/\gl Z)

In addition, z is a fixed point of W7 by (33). Finally, since equality (34) implies
the equality
Wi(z1) = Wa(21),

the point z; is also a fixed point of Ws.
Differentiating equality (34) at zero, we see that the multipliers

p=Wi(21), p2=Wi(2)
satisfy the equality
(35) pn = paXgt.

On the other hand, Lemma 3.2 yields that there exist positive integer k1, ko, and
k such that

(36) it = 5t = AL
It follows now from (35) and (36) that
)\lsz — ;U”flk2 — Héﬁkz)\glklkz — )\llfkl )\glklk’Q’
implying that
/\’f(szkl) — )\g1k1k2.
Moreover, since [A;| > 1, [A2] > 1, the number kg — k; is positive. This proves the
implication (7)=-(30) in case A; and Ay are not generalized Lattes maps.

Assume now that A;, A, are arbitrary non-special rational functions. Then, by
Theorem 2.2, there exist rational functions Fy, Fs, 61, 65 such that the diagrams

c /5 C c 25 ¢
L
CPl —25 CP', P! —%2, cP

commute, and F, F, are not generalized Lattes maps. Further, since all the points
in the preimage 923{22-}, i = 1,2, are Fj-preperiodic, there exist a positive integer

N and fixed points 2}, 25 of FPN, FS¥ such that the diagrams
oN oN
c S, ¢ c 2, ¢
lol J/Gl lgg lQQ
A<1>N AN
Cp! —— CP!, CP' —— CP!

commute, and the equalities

01(21) = 21, 01(23) = 22
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hold. Moreover, if ; is the multiplier of FPV at 2/, i = 1,2, then, by Lemma 3.3,
the equalities

I‘dz/ 6 I’dz/ %
(37) /1'(1) 11:)\i\f’ :u(2) 22:)‘9[7
ord _s 04
(38) Pagw zoan (2517 ) =010 Ppon 1, (2),
ord_s 6
(39) Pagh oy (27 727) =020 Ppon 1, (2)
hold.
Setting

Ji=ord, 01, fa=ord;0:, f=fif,
and substituting z%1/2 and z92%1 for z into equalities (38) and (39), we obtain that

Parzn (Zdlf) = :PA‘l’N,z])\f’ (Zdlf) =b10 TF{’N,ZL/M (zd1f2>7
Payzane (22 = TA;N,Zz,,\g’(Zdzf) =020Ppon 21 4, (z%29).
Thus, equality (7) implies that the functions Ppon ., (24/2) and Ppon ., (2%71)

satisfy the equality

f (TFfN,zi,yl (zd1f2)a :])F;N,zé,ug (Zdzfl)) = Oa

where

f(x,y) = [ (01(2),02(y)) -
Since FPN, F9N are not generalized Latteés maps, by what is proved above there
exist positive integers py,pe such that pi* = pb?, implying by (37) that

)\]101f2N _ u1171f1f2 _ N§2f1f2 _ /\12?2le.
Thus, equality (30) holds for the integers
r1 =pi1falN, re=pafiN. U

Proof of Corollary 1.2. If P, 21 x> Pas.zs, 0, are algebraically dependent, then it
follows from the commutativity of diagram (8) that

(deg A1) = (deg As)™ = deg B,

implying that n!* = nl?. Furthermore, it follows from equalities (28) that

Alllordz(]Xz — )\l220rd20X1. |:|

The following result shows that if A; and Ay are not generalized Lattés maps,
then dependencies (7) actually reduce to dependencies (1).

Theorem 3.6. Let Ay, Ay be rational functions of degree at least two that are not
generalized Lattés maps, z1, zo their repelling fized points with multipliers Ay, Aa,
and Payzn s Pag.zen, Poincaré functions. Assume that C @ f(z,y) = 0 is an
irreducible algebraic curve, and dy, dy are coprime positive integers such that the
equality

f ((PA1721,>\1 (Zdl)v :PA2,Z2-,>\2 (Zdz)) =0
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holds. Then di = ds =1 and C has genus zero. Furthermore, if C : f(x,y) =0 is
an irreducible curve of genus zero with a generically one-to-one parametrization by
rational functions z — (X1(z), X2(2)), then the equality

f (:PAl,Zh)\l (Z)v fPAz,Zz,Az (Z)) = O

holds for some Poincaré functions Pa, . xs Pag.zon, f and only if there exist
positive integers l1,ls and a rational function B with a repelling fized point zg such
that the diagram

ety L5, (cpry
(leXz)l l(xl,xﬂ
oly olg
(CP')2 A4, ), (CPY)2,

commutes, and the equalities

Xi(20) = 21, Xa(20) = 22,

(40) Xi(20) #0,  X3(20) #0
hold.

Proof. The proof if obtained by a modification of the proof of Theorem 1.1, taking
into account that if A;, Ay are not generalized Lattes maps, then it follows from the
commutativity of diagram (8) by Proposition 2.1 that there exist rational functions
Y1 and Y5 such that the equalities

YioX; = B%" Y2 0 Xo = B
hold for some dy,ds > 0. Therefore, for any repelling fixed point zy, of B the
inequalities (40) hold by the chain rule. Thus, dy = d2 = 1 by (10). O

Notice that unlike the case of Béttcher functions, algebraic dependencies (1) of
degree greater than one between Poincaré functions do exist. The simplest of them
are graphs constructed as follows. Let us take any two rational functions U and V/,
and set

(41) 14121]0‘/7 AQZVOU.
Then the diagram

cpl —A, cpt

v| |v
CP! —22 CP!
obviously commutes. Moreover, if zg is a repelling fixed point of Ay, then the point
z1 = V(z0) is a repelling fixed point of As by Lemma 3.3. Finally, the first equality

in (41) implies that V’(z1) # 0. Therefore,
iPAQ,ZQ,)\Q = V o :PAl,Zl,Alv

by Lemma 3.3.
Notice also that the equality d; = dy provided by Theorem 3.6 does not hold
for arbitrary non-special A;, As. For example, let A be any rational function of
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the form A = 2R%(z), where R € C(z) and d > 1. Then one can easily check that
A: O — O, where O is defined by the equalities

v(0) =d, v(o)=d,

is a minimal holomorphic map between orbifolds. Thus, A is a generalized Lattes.
Furthermore, the diagram

d
cpt ZEED, opr
= =
1 sz(z) 1
cpr ——= CP-.

obviously commutes. Choosing now R in such a way that zero is a repelling fixed
point of zR(z%) and denoting by A the multiplier of 2R%(z) at zero, we obtain by
Lemma 3.3 that

P.ri(y00(2%) = 2% 0 Popiaay 01 (2)-

Thus, P, ga(s),0,x4(2%) and P.Rr(z4),0,1(2) are algebraically dependent.

4. ALGEBRAIC DEPENDENCIES BETWEEN BOTTCHER FUNCTIONS

4.1. Polynomial semiconjugacies and invariant curves. If A;, Ay are non-
special polynomials of degree at least two, then any irreducible (A4;, As)-invariant
curve C' that is not a vertical or horizontal line has genus zero and allows for a
generically one-to-one parametrization by polynomials X1, X5 such that the diagram

(CPI)Z (B’B); (CPI)Z
(42) (Xl,x2)l l(xl,xz)
(CP')?2 (A1,42) (CP!)?
commutes for some polynomial B (see Proposition 2.34 of [11] or Section 4.3 of

[17]).

For fixed polynomials A, B of degree at least two, we denote by (A, B) the
set (possibly empty) consisting of polynomials X of degree at least two such that
diagram (20) commutes. The following result was proved in the paper [17] as a
corollary of results of the paper [15].

Theorem 4.1. Let A and B be fixed non-special polynomials of degree at least two
such that the set E(A, B) is non-empty, and let Xo be an element of E(A, B) of the
minimum possible degree. Then a polynomial X belongs to E(A, B) if and only if
X=Ao Xy for some polynomial A commuting with A. ]

Notice that applying Theorem 4.1 for B = A one can reprove the classification
of commuting polynomials and, more generally, of commutative semigroups of C[z]
obtained in the papers [26], [28], [5] (see [25], Section 7.1, for more detail). On the
other hand, applying Theorem 4.1 to system (42) with 4; = As = A, we see that
X1, X5 cannot provide a generically one-to-one parametrization of C', unless one of
the polynomials X7, Xo has degree one. Moreover if, say, X; has degree one, then
without loss of generality we may assume that X; = z, implying that B = A and
X5 commutes with A. Thus, we obtain the following result obtained by Medvedev
and Scanlon in the paper [11].
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Theorem 4.2. Let A be a non-special polynomial of degree at least two, and C
an irreducible algebraic curve that is not a vertical or horizontal line. Then C' is
(A, A)-invariant if and only if C has the form x = P(y) or y = P(x), where P is
a polynomial commuting with A. [

Finally, yet another corollary of Theorem 4.1 is the following result, which com-

plements the classification of (Aj, As)-invariant curves obtained in [11] (see [17],
Theorem 1.4).

Theorem 4.3. Let A1, Ay be non-special polynomials of degree at least two, and C
a curve. Then C is an irreducible (Ay, A2)-invariant curve if and only if C has the
form Y1(z) — Ya(y) = 0, where Y1,Ya are polynomials of coprime degrees satisfying
the equations
ToYi=Yi0A;, ToYy=Y0A,

for some polynomial T. O
4.2. Proof of Theorem 1.3. As in the case of Poincaré functions, we do not
assume that considered Bottcher functions are normalized. Thus, the notation Bp

is used to denote some function satisfying conditions (4), (5).
To prove Theorem 1.3 we need the following two lemmas.

Lemma 4.4. Let A, B be polynomials of degree at least two, and X a non-constant
polynomial such that the diagram

cpt —Z— CP!
| Jx
1 A 1
CP! ——— CP
commutes. Assume that By is a Béttcher function. Then
X 0o Bp(z) = By(z98 %)
for some Bottcher function B 4.
Proof. The lemma follows from Lemma 2.1 of [14]. O

Lemma 4.5. Let A be a polynomial of degree n > 2, and B4 a Béttcher function.
Assume that C : f(xz,y) = 0 is an irreducible algebraic curve and dy,ds are positive
integers such that di < do and the equality

(43) F(Ba(z"),Ba(z)) =0

holds. Then C is a graph

(44) P(z) —y =0,

where P is a polynomial commuting with A, and the equality
(45) dideg P =ds

holds.

Proof. Substituting 2" for z in (43), we see that the curve C is (A, A)-invariant.
Therefore, by Theorem 4.2, C'is a graph of the form = = P(y) or y = P(x), where P
is a polynomial commuting with A. Taking into account that dy < do, this implies
that (44) and (45) hold. O
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Corollary 4.6. Let Ay, Ay be polynomials of degree at least two, and Ba,, Ba,
Béttcher functions. Assume that C : f(x,y) = 0 is an irreducible algebraic curve
of genus zero and dq, dg,gl,gg are positive integers such that GCD(dy,ds) =1 and
the equalities

(46) f (BA1 (Zdl)a BA2 (ZdZ)) = 07

(47) £ (B, (), Ba, (%)) =0

hold. Then there exists a positive integer k such that the equalities
(48) dy = kdy, dy = kdy

hold.

Proof. Tt is clear that equalities (46), (47) imply the equalities
(49) F (B, (07, B, (:50)) =0
and

F(Bay (=15, Bay (22%)) =0,

and eliminating from these equalities the function B 4, (zdlgl), we conclude that

the functions B4, (2%%) and B4, (2%92) are algebraically dependent. Therefore,
by Lemma 4.5, one of these functions is a polynomial in the other.
Assume, say, that

(50) Ba, (229) = Ro B a, (z4%)

(the other case is considered similarly). Then substituting the right part of this
equality for the left part into (49), we conclude that

F (B, (), Ro B, (24%)) =0,
implying that
(51) f (BAI (Zdl)vRo‘be(Z[b)) =0.

Let us observe now that equalities (47) and (51) imply that the curve f(z,y) =0
is invariant under the map

(21,22) = (A1(21), Aa(22)) = (21, R(22)).

Since the commutativity of (42) implies that deg A; = deg Ay, this yields that
deg R = 1. Tt follows now from (50) that

dody = dido,
implying (48). |

Proof of Theorem 1.3. To prove the “if” part, let us observe that (12) implies
that z — (X1(2), X2(z)) is a parametrization of some (A5, A3'2)-invariant curve
C: f(z,y) = 0. Moreover, by Theorem 4.3, this curve has the form

(52) Yi(z) = Ya(y) =0,
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where Y7, Y5 are polynomials of coprime degrees. Finally, by Lemma 4.4, the equal-
ity f(X1,X2) = 0 implies the equality

f(X10Bp(2), X20Bp(2)) = f(Ba, (298X, Ba, (29 72)) = 0.

In the other direction, if (11) holds, then setting ny = deg A, ny = deg As, and
substituting 2" for z into (11) we obtain the equality

(53) F(Ba, (2172), Az 0 By, (%)) = 0.

Eliminating now Ba,(2%) from (11) and (53), we conclude that the functions
Ba, (%) and Ba, (z4172) are algebraically dependent. Since the corresponding
algebraic curve f(x,y) = 0 such that

f(3A1 (Zdl)a Ba, (Zdan)) =0
is (A1, Aj)-invariant, it follows from Theorem 4.2 that
(54) Ba, (z172) = Po By, (2M)

for some polynomial P commuting with A;. Clearly, equality (54) implies that
deg P = ns. On the other hand, by the Ritt theorem, P and A; have a common
iterate. Therefore, there exist positive integers I, I such nll1 = né"‘.
Setting now
n= nlll = nl22
and substituting 2" for z into (11) we obtain that f(z,y) = 0 is (A", A3")-
invariant, implying that (12) holds. Moreover, by Theorem 4.3, f(z,y) = 0 has
the form (52), where Y7, Y> are polynomials of coprime degrees. Since a generically

one-to-one parametrization z — (X1(z), X2(z)) of (52) satisfies the conditions
deg X7 =degY;, degXs; =degh,
we conclude that the degrees
deg X1 =dj, degX,=d,

of the functions X; and X, in (12) satisfy GCD(d},d,) = 1. Using now the “if”
part of the theorem, we see that equalities (11) and

f(BAl (Zd/l)v BAQ (Zd;)) =0
hold simultaneously, implying by Corollary 4.6 that equalities d| = dy, djy = da,
and (13) hold. O
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