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Let P,,P,,..., P, be complex polynomials of degree at least two that are not simulta-
neously conjugate to monomials or to Chebyshev polynomials, and S the semigroup
under composition generated by P;,P,,...,P,. We show that all elements of S share
a measure of maximal entropy if and only if the intersection of principal left ideals
SP; NSP, N ---NSP; is non-empty.

1 Introduction

In the recent paper by Jiang and Zieve [10], the authors showed that a semigroup of
polynomials under composition generated by two complex polynomials P; and P, of
degrees n; > 2 and n, > 2 is not free if and only if it is isomorphic to the semigroup
generated by z™ and ¢z"2, where ¢ is a root of unity. This implies in particular that
whenever S = (P, P,) is not free there exists r > 0 for which P{" and P{" o P, commute.
Since commuting polynomials can be described explicitly ([18],[19]), the last property is
sufficient to classify all pairs of polynomials P, and P, for which S = (P, P,) is not free.

Combined with the description of pairs of rational functions sharing a measure
of maximal entropy obtained in [11], [12], the result of [10] implies the following crite-
rion: a semigroup S = (P;, P,) generated by two polynomials P, and P, of degree at least

two that are not simultaneously conjugate to monomials or to Chebyshev polynomials is
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not free if and only if all elements of S share a measure of maximal entropy. The problem
of characterization of semigroups of polynomials satisfying the last property has been
studied in the recent papers [7], [17], where several equivalent characterizations of such
semigroups in semigroup-theoretic terms were given. Among such characterizations we
mention the right amenability and the absence of free subsemigroups. The result of
[10] provides yet another characterization of such semigroups, in terms of freeness, if
considered semigroups are generated by two polynomials.

It is not hard to see that the result of [10] and the corresponding characterization
of semigroups whose elements share a measure of maximal entropy do not allow for
a direct generalization to a greater number of generators. For example, for arbitrary

polynomials R and X setting
P,=Roz", P,=X, P;=¢X,
where ¢ satisfies ¢ = 1, we obtain a semigroup S = (P;, P,, P;), which is not free since
P,oP, =P, oP,.

However, it is clear that in general P;,P,, and P; do not share a measure of maximal
entropy.

In this note, we provide a generalization of the result of [10] to arbitrary finitely
generated semigroups of polynomials replacing the non-freeness condition by another
condition, which is however equivalent to the condition that S is not free if the number
of generators equals two. We also provide a characterization of finitely generated
semigroups of polynomials whose elements share a measure of maximal entropy.

To formulate our results explicitly, we introduce some notation. We say that two

semigroups of polynomials S; and S, are conjugate if there exists o € Aut (C) such that
aoS; oo ! =S,.

We denote by Z the semigroup of polynomials consisting of monomials az", where
a € C* and n > 1, and by T the semigroup consisting of polynomials of the form £+T,,
n > 1, where T,, stands for the Chebyshev polynomial of degree n. Finally, we denote by
2V the subsemigroup of Z consisting of polynomials of the form wz", where w is a root
of unity.

In this notation, our first result is following.
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Theorem 1.1. Let P;,P,,...,P;, be complex polynomials of degree at least two. Then
the semigroup S = (P;,P,,...,P;) is isomorphic to a subsemigroup of 2V if and only if

the intersection of principal left ideals SP; N SP, N --- N SP;, is non-empty.
It is easy to see that for k = 2 the condition
SP,NSP,N---NSP;, # 0 (1)

is equivalent to the condition that S is not free. Indeed, any semigroup of rational
functions is right cancellative. Therefore, if there exist two different words in the letters
{P,,P,} representing the same element in S = (P;,P,), then cancelling their common
suffix we obtain two different words representing the same element with different
ending letters. Since one of these letters is P; and the other one is P,, this implies that
SP,NSP, # §. Notice, however, that for k > 2 condition (1) is clearly stronger than merely
the requirement that S is not free.

Our second result is following.

Theorem 1.2. Let P;,P,,...,P; be complex polynomials of degree at least two such
that S = (P,,P,, ..., P;) is not conjugate to a subsemigroup of Z or 7. Then all elements
of S share a measure of maximal entropy if and only if the intersection of principal left
ideals SP; N SP, N --- N SP; is non-empty.

Notice that since in the polynomial case having the same measure of maximal
entropy is equivalent to having the same Julia set, Theorem 1.2 can be viewed as a
characterization of polynomials P, P,,...,P, sharing a Julia set via existence of a
relation of the form

AP, =A,Py=---=A,P

n-n’

where A;, 1 <i <n, are words in P;,P,,...P,.
The assumption that S is not conjugate to a subsemigroup of Z or T is not
essential for the “if” part of Theorem 1.2, but essential for the “only if” part. Indeed,
for instance, polynomials z" and bz™, b € C*, share a measure of maximal entropy
whenever |b| = 1, but generate a free group, unless b is a root of unity.
Finally, notice that since semigroups of polynomials whose elements share a
measure of maximal entropy admit many equivalent descriptions (see [17]), Theorem 1.2

also can be formulated in many equivalent forms. In particular, under the assumptions
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of Theorem 1.2, condition (1) is equivalent to the condition that there exists a polynomial
T of the form T = z"R(z"), where R € C[z], [ > 1, and 0 < r < [, such that

for somel; > 1,1 <1i <k, and Ith roots of unity w;, 1 <i <k.

2 Proof of Theorem 1.1

Let us recall that for every complex polynomial P, of degree n; > 2 there exists a series

o0
B= Z cl-z_i, c_, #0,

i=—1

called the Bottcher function, which makes the diagram

cpl 2. cp!
|2 |s
cpt =, cp!

commutative. Having its roots in complex dynamics (see [5], [14]), the Bottcher function
is widely used for studying functional relations between polynomials and related
problems (see [1-4, 8, 10, 18, 20]).

As in the paper [10], our proof of the “if” part of Theorem 1.1 uses the Bottcher
function and the following lemma proved in the paper [8]. Following [8], for a non-zero
element T = by + byz + byt? + ... of Cllz]], we define Ord,(T) as the minimum number
i > 0 such that b; # 0, and [,(T) as the difference m — Ord,(T), where m is the minimum
number greater than Ord,(T) such that b,, # 0. If T is a monomial, we set [j(T) = co. The
parameter [j(T) possesses certain properties making it useful for studying functional
relations between powers series (see [8], Lemma 2.6). Below we need only the properties

listed in the following statement, which can be checked by a direct calculation.

Lemma 2.1. Let X be an element of zC[[z]] such that [;(X) < oco. Then for any element
T of zC[[z]] with [,(T) < oo the inequality

Io(T 0 X) > min (Iy(X), Ordy(X)ly(T)) (2)
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holds, and the equality is attained whenever [j(X) # Ordy(X)l,(T). On the other hand, if
lo(T) = oo, then the equalities

Io(X o T) = Ordy(T)ly(X), (3)
Io(T 0 X) = Iy(X) (4)
hold. |

Lemma 2.1 implies the following corollary.
Corollary 2.2. LetT;, 1 <i <k, be elements of 7z2C[[z]] such that lo(T)) =1 < o0, and
Iy(T) <1(T), 2<i<k. (5)

Assume that A is a word in T}, Ty, ... T}, and X is an element of z2Cl[[z]]. Then [j(AX) =
if [,(X) =1, and [(AX) > lif [,(X) > L.

Proof. 1In the both cases, the proof is by induction on the length of A. If A is empty,
then the corollary is trivially true. Further, in the first case, the induction step reduces
to the following statement: if X € z2Cl[z]] satisfies lo(X) =1, then

LhTXxX)=1, 1<i<k.

In turn, the last statement follows from formulas (2), (4) taking into account that

inequality (5) implies the inequality
0rd,(X)ly(T;) > Ordy(X)ly(T;) > 21>1, 1<i<k. (6)
Similarly, in the second case, we must prove that if [;(X) > [, then
L(T;xX)>1, 1<i<k. (7)

If [, (X) < oo, then (7) follows from (2) and (4) taking into account the inequalities [;(X) > [
and (6). On the other hand, if [j(X) = oo, then either [)(T;) = oo and Ij(T;X) = oo > [, or
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lo(T;) < o0 and

by (3) and (6). -
We deduce Theorem 1.1 from the following result.

Theorem 2.3. Let Q;, 1 <i <k, be elements of z?Cl[z]], and R the semigroup generated
by Q;,Q,, ..., Q. Assume that Q; is contained in 2U. Then

RO, NRQ,N---NRQy # ¥ (8)

if and only if every Q;, 1 <i < k— 1, is contained in 2U.

Proof. Let Q; = a;,2" + a;,2""™ + ... 1 <i < k, where q;, # 0. Assume that (8)
holds, but not all Q;, 1 < i < k, are monomials. Without loss of generality we may
assume that for some s, 1 < s < k, the series Qg.1,...,Qy are monomials, while the

series Q;, Q,, ..., Q, are not, and that
lh(Qy) < -+ < 1(Qy).
By the condition, there exist words A;,A,,...,A; in Q;,Q,,...,Q; such that
AQ, =A,Q, = =A,Q. (9)
Applying the first part of Corollary 2.2 to the word A;Q,, we obtain that
Io(A,Qy) =1,(Q)).

On the other hand, applying the second part of Corollary 2.2 to the word A, ;Q, ;, we
obtain that

ly(Ag11Q441) > 1h(Qy).
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Since A;Q; = A,,,Q,,,, we obtain a contradiction, which shows that all Q;,Q,, ..., Qg
are monomials. In particular, equality (9) reduces to the equality

Alalylznl = Azazylznz e — Akak,lznk’ (10)

where A;, 1 <i <k, are words in a, ;2™,a, ;2"2,...,a; 2.

Clearly, (10) implies an equality of the form
vz =0,7" =... = U, 2",

where U;, 1 < i < k, are monomials in Ay1/ Qg1+ 1Ak 1 and N is a natural number. To
finish the proof of the “only if” part of the theorem it is enough to show that whenever

i #j,1<1,j <k, the inequality
degg,,U; > deg,,, U; (11)

holds. Indeed, in this case making in the equality

all possible cancellations, we obtain an equality of the form
— — _ 5
A1 =421 = = Ay

where s; > 1,1 <i <k, implying that all a; ;, 1 <i < k — 1, are roots of unity.
It is clear that the minimum value of deg,, U, is attained if the word A4; contains
no letter a; ;2" at all, implying that
N

deg,, U; = —.

n;

Thus, to prove (11) it is enough to show that

N
deg,, U; < o

i

Let r be the number of appearances of a;,z" in 4;. It is easy to see that the maximum

value of deg, U; is attained if these appearances occur in the last r letters of A;,
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implying that

=<

deg a1 U]- <

5| =
M
S~
IA
| =
S|=

Znil——

n;

Let us assume now that Q;, 1 < i < k, are contained in 2V, and show that then

(8) holds. Let I > 1 be a number such that all a;;, 1<i< k, are Ith roots of unity. Setting
F)=Q,0Qy0---0Q;, Fy=0y0Q030---0Q,, ... F,=0;00Q,0---0Q;_,
and observing that
degF, = degF, =--- =degF;,
we see that for every j > 1 there exists an Ith root of unity w; such that
FY = ;Fy.

The pigeonhole principle yields that there exists an infinite subset K; of N and an Ith
root of unity 8, such that for every j € K; the equality

FY =5 F)
holds, implying that for every j,,j, € K; with j, > j; the equality
o2 _ 1ol o(j2—j1)
F? =F' o Fy) 27

holds. Similarly, there exists an infinite subset K, of K; and an Ith root of unity §, such

that for every j € K, the equality

oF _ g g
FY = 8,F5
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holds, and for every j,,j, € K, with j, > j, the equality
F;’fz _ F10j1 OF;(iz—jl)

holds. Continuing in the same way, we will find natural numbers j, and j; such that

Jjo >Jj; and
R A R Y L Ay (12)
Thus,
F¥? ¢ RQ, NRQ,N---NRQ,
implying (8). |

Proof of Theorem 1.1. Let P,,P,,...,P; be polynomials of degree at least two. Then
the Bottcher function g for P, provides an isomorphism ¢ between the semigroup
S = (P;,P,,...,P;) and the semigroup of power series R generated by the power series

z9¢8Pk and
Q;,=BoPof™!, 1<i<k-1.

Therefore, if (1) holds, then (8) also holds implying by Theorem 2.3 that S is isomorphic
to a subsemigroup of 2U. In the other direction, if S is isomorphic to a subsemigroup of
2V, then for the images Q;,Q,,...,Qy of P;,P,,..., P, under this isomorphism condition
(8) holds by Theorem 2.3. Therefore, for P, P,, ..., P, condition (1) holds. [ |

2.1 Proof of Theorem 1.2

Let us recall that if f is a rational function of degree n > 2, then by the results of Freire,
Lopes, Mafié ([9]) and Lyubich ([13]) there exists a unique probability measure Kp oD CP!,
which is invariant under f, has support equal to the Julia set J(f), and achieves maximal
entropy logn among all f-invariant probability measures. It is clear that the equality
ws = mg implies the equality of the Julia sets J(f) = J(g). Moreover, for polynomials
these conditions are equivalent. The problem of describing rational functions sharing a
measure of maximal entropy and the problem of describing rational functions sharing
a Julia set have been studied in [1-4, 11, 12, 15, 16, 20, 21].
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For any rational functions f and g the equality
f°jl :f°f2 0 g% (13)

for some j;,s > 1 and j, > 0 implies that f and g share a measure of maximal entropy.
Furthermore, the results of the papers [11] and [12] imply that if the functions f and g
are neither Lattés maps nor conjugate to z*" or £T,,, then the equality Kp = Rg holds if

and only if equality (13) holds (see [16], [21] for more detail).

Proof of Theorem 1.2. In view of the isomorphism between semigroups S and R, the

proof of the “if” part of Theorem 2.3 shows that if (1) holds, then the polynomials
G,=P,oP,0---0P,, Gy=P,0P30---0P, ... Gy=PoP o---0P_,
along with the series F;, 1 <1 < k, satisfy relations (12), implying that
J(G)) =J(Gy) =---=J(Gyp). (14)

On the other hand, since the semiconjugacy relation

cp! —2 . cp!

|x |x
cpl —2 ., cp!

between rational functions of degree at least two implies that
X J@) =J®

(see e.g. [6], Lemma 5), the semiconjugacies

cPl — %, cpt  Cp! CP!

B o | E

cpl —%, cpt, cp' —%. Cp!,

Git1
_—
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1 <i<k-1,imply that
PLU(G)) = J(Gyyy), 1<i<k—1, PAU(GY) = J(Gy).

Thus, equality (14) implies that J(G,) is a completely invariant set for P;,, 1 <i < k. In

turn, this implies that
J(Py) =JPy) =--- =J(Fy) =J(Gy)

(see [3], Lemma 8, or [15], Theorem 4). This proves the “if” part.

Finally, to prove the “only if” part, we observe that if all elements of S share a
measure of maximal entropy, then by (13) for every i, 2 < i < k, there exist ¢;,s; > 1 and
r; > 0 such that

t; e o8 ,
Pl"=P""oP, 2<i<k.

1

Therefore, for K = t, ... t;, we have:
Pi’K — (P<1>r2 oP;SZ)OK/tZ — (PTrs oP§S3)°K/t3 _ .. = (P<1>r3 oP;Sk)OK/tk,

implying (1). [ |

Funding

The Israel Science Foundation (Grant No. 1432/18).

References

[1] Atela, P. and J. Hu. “Commuting polynomials and polynomials with same Julia set.” Internat.
J. Bifur. Chaos Appl. Sci. Engrg. 6, no. 12A (1996): 2427-32.

[2] Baker, I. and A. Eremenko. “A problem on Julia sets.” Ann. Acad. Sci. Fennicae (Series A.I.
Math.) 12 (1987): 229-36.

[3] Beardon, A. “Symmetries of Julia sets.” Bull. Lond. Math. Soc. 22, no. 6 (1990): 576-82.

[4] Beardon, A. “Polynomials with identical Julia sets.” Complex Variables, Theory Appl. 17,
no. 3-4 (1992): 195-200.

[6] Bottcher, L. “The principal laws of convergence of iterates and their application to analysis
(in Russian).” Izv. Kazan. Fiz.-Mat. Obshch. 14 (1904): 155-234.

[6] Buff, X. and A. L. Epstein. “From local to global analytic conjugacies.” Ergodic Theory and
Dynamical Systems 27 (2007): 1073-94.

€20z Aenuer zo uo Jasn Aselqi uely AsbBaN ay) Jo AlsieAlun uouns-uag Aq 0£25829/628€ /8L /220Z/2101e/uiwl/woo dnoolwepese//:sdiy wWol) papeojumod



13840 F. Pakovich

(7]

(8l

(9l

[10]

[11]

[12]

[13]

[14]

[15]

[16]

(17]
[18]

[19]
[20]

[21]

Cabrera, C. and P. Makienko. “Makienko P., Amenability and measure of maximal entropy for
semigroups of rational map.” arXiv 1912.03377.

Dorfer, G. and H. Woracek., Formal power series and some theorems of J. F. Ritt in arbitrary
characteristic, Monatsh. Math., 127 (1999), no. 4, 277-293.

Freire, A., A. Lopes, and R. Mafié. “An invariant measure for rational maps.” Bol. Soc. Brasil.
Mat. 14, no. 1 (1983): 45-62.

Jiang, Z. and M. Zieve. “Functional equations in polynomials.” arXiv 2008.09554.

Levin, G. “Symmetries on Julia sets.” Math. Notes 48, no. 5-6 (1990): 1126-31.

Levin, G. and F. Przytycki. “When do two rational functions have the same Julia set?” Proc.
Amer. Math. Soc. 125, no. 7 (1997): 2179-90.

Ljubich, M. “Entropy properties of rational endomorphisms of the Riemann sphere.” Ergodic
Theory and Dynamical Systems 3, no. 3 (1983): 351-85.

Milnor, J. Dynamics in one complex variable, Princeton Annals in Mathematics 160.
Princeton, NJ: Princeton University Press, 2006.

Pakovich, F. “On polynomials sharing preimages of compact sets, and related questions.”
Geom. Funct. Anal. 18, no. 1 (2008): 163-83.

Pakovich, F. “On rational functions sharing the measure of maximal entropy.” Arnold Math.
J. 6, no. 3-4 (2020): 387-96.

Pakovich, F. “On amenable semigroups of rational functions.” arXiv 2008.12194.

Ritt, J. F. “On the iteration of rational functions.” Trans. Amer. Math. Soc. 21, no. 3 (1920):
348-56.

Ritt, J. “Permutable rational functions.” Trans. Amer. Math. Soc. 25 (1923): 399-448.
Schmidt, W. and N. Steinmetz. “The polynomials associated with a Julia set.” Bull. London
Math. Soc. 27, no. 3 (1995): 239-41.

Ye, H. “Rational functions with identical measure of maximal entropy.” Advances in
Mathematics 268 (2015): 373-95.

€20z Aenuer zo uo Jasn Aselqi uely AsbBaN ay) Jo AlsieAlun uouns-uag Aq 0£25829/628€ /8L /220Z/2101e/uiwl/woo dnoolwepese//:sdiy wWol) papeojumod



	Sharing a Measure of Maximal Entropy in Polynomial Semigroups
	1 Introduction
	2 Proof of Theorem 1.1


