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Abstract

In the paper [J. Ritt, Prime and composite polynomials, Trans. Amer. Math. Soc. 23 (1922) 51-66] Ritt
constructed the theory of functional decompositions of polynomials with complex coefficients. In particular,
he described explicitly polynomial solutions of the functional equation f(p(z)) = g(¢(z)). In this paper we
study the equation above in the case where f, g, p, ¢ are holomorphic functions on compact Riemann
surfaces. We also construct a self-contained theory of functional decompositions of rational functions with
at most two poles generalizing the Ritt theory. In particular, we give new proofs of the theorems of Ritt and
of the theorem of Bilu and Tichy.
© 2009 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Let F be a rational function with complex coefficients. The function F is called indecompos-
able if the equality F = F, o F1, where F, o F] denotes a superposition F,(Fj(z)) of rational
functions Fi, F», implies that at least one of the functions Fi, F> is of degree one. Any repre-

sentation of a rational function F in the form F = F, o F,_j o --- o F|, where F|, F», ..., F,
are rational functions, is called a decomposition of F. A decomposition is called maximal if all
Fi1, F», ..., F, are indecomposable and of degree greater than one.

In general, a rational function may have many maximal decompositions and the ultimate goal
of the decomposition theory of rational functions is to describe the general structure of all max-
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imal decompositions up to an equivalence, where by definition two decompositions having an
equal number of terms

F=F,oF,_j0o--+0F and F=G,0G,_10---0G)

are called equivalent if either » = 1 and F) = G, or r > 2 and there exist rational functions u;,
1 <i<r—1, of degree 1 such that

Fr=Grop1,  Fi=p;'oGiomi1, l<i<r, ad Fi=p;'oGi.

Essentially, the unique class of rational functions for which this problem is completely solved is
the class of polynomials investigated by Ritt in his classical paper [23].

The results of Ritt can be summarized in the form of two theorems usually called the first
and the second Ritt theorems (see [23,26]). The first Ritt theorem states that any two maximal
decompositions D, € of a polynomial P have an equal number of terms and there exists a chain
of maximal decompositions F;, 1 <i <, of P such that F; =D, F; ~ &, and F; 11 is obtained
from J; by replacing two successive functions A o C in F; by two other functions B o D such
that

AoC=BoD. (D
The second Ritt theorem states that if A, B, C, D is a polynomial solution of (1) such that
GCD(degA,degB) =1, GCD(degC,deg D) =1

(this cond1t1on is satisfied in particular if A, B, C, D are indecomposable), then there exist poly-
nomials A, B, C, D, u1, w», where degui =1, deguo =1, such that

A=M10A, B:/LloB, C:Coliz, D:Douz
and either
AoéNTnon, gof)NTmoTn,

where T,,, T, are the corresponding Chebyshev polynomials with n, m > 1 and GCD(n,m) =1,
or

Aoéwz"oer(z"), BoD~Z R"'"(2)07",

where R is a polynomial, r > 0, n > 1, and GCD(n, r) = 1. Actually, the second Ritt theorem
essentially remains true for arbitrary polynomial solutions of (1). The only difference in the
formulation is that for the degrees of polynomials 11, @7 in this case the equalities

deg 1 = GCD(deg A, deg B), deg o = GCD(deg C, deg D)

hold (see [6,27]). Notice that an analogue of the second Ritt theorem holds also when the ground
field is distinct from C (see [28]).

For arbitrary rational functions the first Ritt theorem fails to be true. Furthermore, there exist
rational functions having maximal decompositions of different length. The simplest examples of
such functions can be constructed with the use of rational functions which are Galois coverings.
These functions, for the first time calculated by Klein in his famous book [12], are related to
the finite subgroups C,,, Dy, A4, S4, As of AutCP' and nowadays can be interpreted as Belyi
functions of Platonic solids (see [5,14]). Since for such a function f its maximal decompositions
correspond to maximal chains of subgroups of its monodromy group G, in order to find maximal
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decompositions of different length of f it is enough to find the corresponding chains of subgroups
of G, and it is not hard to check that for the groups A4, S4, and As such chains exist (see e.g. [8]).
The analogues of the second Ritt theorem for arbitrary rational solutions of Eq. (1) are known
only in several cases. Let us mention some of them. First, notice that the description of rational
solution of (1) under condition that C and D are polynomials turns out to be quite simple and
substantially reduces to the description of polynomial solutions of (1) (see [17]). On the other
hand, the problem of description of rational solutions of (1) under condition that A and B are
polynomials is equivalent to the problem of description of algebraic curves of the form

A(x) — B(y) =0, 2

having a factor of genus zero, together with corresponding parameterizations. A complete list of
such curves is known only in the case where the corresponding factor has at most two points at
infinity. In this case the problem is closely related to the number theory and was studied first in
the paper of Fried [9] and then in the papers of Bilu [2] and Bilu and Tichy [3]. In particular,
in [3] an explicit list of such curves, defined over any field of characteristic zero, was obtained.
Notice that the results of [9,3] generalize the second Ritt theorem since polynomial solutions
of (1) correspond to curves (2) having a factor of genus zero with one point at infinity. Rational
solutions of the equation

AoC=AoD, 3

under condition that A is a polynomial were described in [1] (notice also the paper [24] where
some partial results about Eq. (3) under condition that A is a rational function were obtained).
Finally, a description of permutable rational functions was obtained in [25] (see also [7]). Note
that beside of connections with the number theory Eq. (1) has also important connections with
different branches of analysis (see e.g. the recent papers [21,17,18,20,22]).

In this paper we study the equation

h=fop=gogq, 4

where f:C; — CP!, g: C, — CP! are fixed holomorphic functions on fixed connected compact
Riemann surfaces C1, C; and h:C — CP', p:C — Cy, q:C — C, are unknown holomorphic
functions on unknown connected compact Riemann surface C. We also apply the results obtained
to Eq. (1) with rational A, B, C, D and on this base construct a self-contained decomposition
theory of rational functions with at most two poles generalizing the Ritt theory. In particular,
we prove analogues of Ritt theorems for such functions and reprove in a uniform way previous
related results of [23,9,2,3].

Let S ¢ CP! be a finite set and zg € CP' \ S. Our approach to Eq. (4) is based on the corre-
spondence between pairs consisting of a covering f of CP!, non-ramified outside of S, together
with a point from f~!{z(} and subgroups of finite index in 771 (CP! \ S, zo). The main advantage
of the consideration of such pairs and subgroups, rather than just of functions and their mono-
dromy groups, is due to the fact that for any subgroups of finite index A, B in 71 (CP! \ S, zo)
the subgroups A N B and (A, B) also are subgroups of finite index in 71 (CP! \ S, zo) and we
may transfer these operations to the corresponding pairs. The detailed description of the content
of the paper is given below.

In Section 2 we describe the general structure of solutions of Eq. (4). We show (Theorem 2.2)
that there exists a finite number o(f, g) of solutions &, p;, g; of (4) such that any other solution
may be obtained from them and describe explicitly the monodromy of /; via the monodromy
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of f, g. Furthermore, we show (Proposition 2.4) that if f, g are rational functions, then the
Riemann surfaces on which the functions 4, 1 < j < o(f, g), are defined may be identified
with irreducible components of the algebraic curve f(x) — g(y) = 0. In particular, being applied
to polynomials A, B our construction provides a criterion for the irreducibility of curve (2) via
the monodromy groups of A and B useful for applications (see e.g. [20]).

By the analogy with rational functions we will call a pair of holomorphic functions f, g ir-
reducible if o(f, g) = 1. In Section 3 we study properties of irreducible and reducible pairs. In
particular, we give a criterion (Theorem 3.2) for a pair f, g to be irreducible in terms of the
corresponding subgroups of 71 (CP' \ S, zo) and establish the following result about reducible
pairs generalizing the corresponding result of Fried [10] about rational functions (Theorem 3.5):
if a pair of holomorphic functions f, g is reducible then there exist holomorphic functions f, 8,
P, q such that

f=fop, g=goq, o(f.g)=0(f.8),

and the Galois closures of f and g coincide. We also show (Theorem 3.6) that if in (4) the pair
f, g is irreducible then the indecomposability of g implies the indecomposability of f. Notice
that the last result turns out to be quite useful for applications related to possible generalizations
of the first Ritt theorem (see Section 5).

Further, in Section 4 we study properties of Eq. (4) in the case where f, g are “generalized
polynomials” that is holomorphic functions for which the preimage of infinity contains a unique
point. In particular, we establish the following, highly useful for the study of Eq. (1), result
(Corollary 4.4): if A, B are polynomials of the same degree and C, D are rational functions such
that equality (1) holds, then there exist a rational function W, mutually distinct points of the
complex sphere y;, 1 <i <r, and complex numbers «;, B;, 0 <i <, such that

C=<ao+ PP s )oW, D=<,30+ AN . )oW.
=N =V =N —Vr
In Section 5 we propose an approach to possible generalizations of the first Ritt theorem to
more wide than polynomials classes of functions. We introduce the conception of a closed class
of rational functions as of a subset R of C(z) such that the condition G o H € R implies that
G € R, H € R. The prototypes for this definition are closed classes R, k > 1, consisting of
rational functions F for which

min |F~'{z}| <k, (5)
z€CP!
where |F~1{z}| denotes the cardinality of the set F —1{z}. Notice that since for any F € Ry
there exist rational functions w1, wy of degree 1 such that @ o F o uy is a polynomial, the
Ritt theorems can be interpreted as a decomposition theory for the class R;. The main result of
Section 5 (Theorem 5.1) states that in order to check that the first Ritt theorem holds for maximal
decompositions of rational functions from a closed class R it is enough to check that it holds for
a certain subset of maximal decompositions which is considerably smaller than the whole set.
For example, for the class R; this subset turns out to be empty that provides a new proof of the
first Ritt for this class (Corollary 5.2). Later, in Section 9, using this method we also show that
the first Ritt theorem remains true for the class R.
In the rest of the paper, using the results obtained, we construct explicitly the decomposition
theory for the class R,. There are several reasons which make the problem interesting. First,



F. Pakovich / Bull. Sci. math. 133 (2009) 693-732 697

since R| C Ry, the decomposition theory for R; is a natural generalization of the Ritt theory.
Furthermore, the equation

L=AoC=BoD, (6)
where L € R; and A, B, C, D are rational functions, is closely related to the equation
h=Aof=Bog, (N

where A, B are rational functions while %, f, g are entire transcendental functions and the de-
scription of solutions of (6) yields a description of solutions of (7) (see [22]). Finally, notice
that polynomials solutions of (1) naturally appear in the study of the polynomial moment prob-
lem which arose recently in connection with the “model” problem for the Poincare center-focus
problem (see e.g. [21,4]). The corresponding moment problem for Laurent polynomials, which
is related to the Poincare problem even to a greater extent than the polynomial moment problem,
is still open and the decomposition theory for R, can be considered as a preliminary step in the
investigation of this problem.

It was observed by the author several years ago that the description of “double decompo-
sitions” (6) of functions from R; (“the second Ritt theorem” for R,) mostly reduces to the
classification of curves (2) having a factor of genus 0 with at most two points at infinity. In-
deed, without loss of generality we may assume that the minimum in (5) attains at infinity and
that L~'{oo} C {0, 0o}. In other words, we may assume that L is a Laurent polynomial. Fur-
ther, it follows easily from the condition L™!{oco} C {0, oo} that any decomposition U o V of L
is equivalent either to a decomposition A o L1, where A is a polynomial and L; is a Laurent
polynomial, or to a decomposition L; o B, where L is a Laurent polynomial and B = cz? for
some ¢ € C and d > 1. Therefore, the description of double decompositions of functions from R,
reduces to the solution of the following three equations:

AoLi=Boly ®)
where A, B are polynomials and L1, L, are Laurent polynomials,

AoLi=Lyoz", )
where A is a polynomial and L1, L, are Laurent polynomials, and

L ozM :Lzozdz, (10)

where L1, L, are Laurent polynomials. Observe now thatif A, B, L1, L, is a solution of Eq. (8),
then corresponding curve (2) has a factor of genus 0 with at most two points at infinity and vice
versa for any such a curve the corresponding factor may be parametrized by some Laurent poly-
nomials providing a solution of (8). Therefore, the description of solutions of Eq. (8) essentially
reduces to the description of curves (2) having a factor of genus 0 with at most two points at
infinity. On the other hand, Egs. (9) and (10) turn out to be much easier for the analysis in view
of the presence of symmetries.

Although the result of Bilu and Tichy obtained in the paper [3] (which in its turn uses the
results of the papers [2,9,10]) reduces the solution of Eq. (8) to an elementary problem of finding
of parameterizations of the corresponding curves, in this paper we give an independent analysis
of this equation in view of the following reasons. First, we wanted to provide a self contained
exposition of the decomposition theory for the class R, since we believe that such an exposition
may be interesting for the wide audience. Second, our approach contains some new ideas and
by-product results which seem to be interesting by themselves.
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Our analysis of Eqgs. (8), (9), (10) splits into three parts. In Section 6 using Corollary 4.4
we solve Egs. (9), (10). In Section 7 using Theorem 3.5 combined with Corollary 4.4 we show
(Theorem 7.2) that Eq. (8) in the case where curve (2) is reducible reduces either to the irreducible
case or to the case where

A°L1=30L2=l(zd+i>, d>1.
2 ¢
Finally, in Section 8 we solve Eq. (8) in the case where curve (2) is irreducible. Our approach to
this case is similar to the one used in the paper [3] and consists of the analysis of the condition
that the genus g of (2) is zero. However, we use a different form of the formula for g and replace
the conception of “extra” points which goes back to Ritt by a more transparent conception.
Eventually, in Section 9 of the paper, as a corollary of the classification of double decomposi-
tions of functions from R, and Theorem 5.1, we show (Theorem 9.1) that the first Ritt theorem
extends to the class R;. The results of the paper concerning decompositions of functions from R,
can be summarized in the form of the following theorem which includes in particular the Ritt the-
orems and the classifications of curves (2) having a factor of genus 0 with two points at infinity.

Theorem 1.1. Let

L=AocC=BoD

be two decompositions of a rational function L € R; into compositions of rational functions A, C
and B, D. Then there exist rational functions R, W, A, B, C, D € R; such that

A=RoA, B:Roé, C=C~'0W, D=DoW, AoC=BoD
and, up to a possible replacement of A by B and C by D, one of the following conditions holds:
1) A~oC~'~z”oer(z"), BoD~ZL"(z)o7",

where L is a Laurent polynomial, r >0, n > 1, and GCD(n,r) = 1,

2
~ ~ 2 Z _1 2Z ~ ~ 2 2 2Z
2) AOC’\’Z OﬁS(ZZT), BOD’\’(l—Z)S (Z)O .

where S is a polynomial,
3) AoC~T,oT,, BoD~T,oT,,

where T, T, are the corresponding Chebyshev polynomials withm,n > 1, and GCD(n, m) = 1;

- . 1 1 ~ o~ 1
4) AoC'\'Tno§<zm+Z—m>, BoDNE(zm—i——)oz",

where m,n > 1 and GCD(n,m) =1,

5) AoC o P BoD~Tuor(s4
oC ~ — o I oD~ o - —
nl 3 Z Py s ml ) Z s
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where Ty, T,y are the corresponding Chebyshev polynomials with m,n > 1,1 > 1, et = —1,
and GCD(n,m) =1,

. 33z +43 — 622 +4z-1)
6 AoC~(2-1)° ,
) o (Z ) ° (3Z2 _ 1)2
- . 4920 — 974 + 1823 — 1522+ 67— 1)
BoD~ (37* —473 )
oD~ (3 —4) G2 1)

Furthermore, if D, € are two maximal decompositions of L then there exists a chain of maxi-
mal decompositions F;, 1 <i < s, of L such that F| =D, Fs ~ €, and F; 1 is obtained from F;
by replacing two successive functions in F; by two other functions with the same composition.

2. Functional equation k= fop=gogq

In this section we describe solutions of the functional equation

h=fop=gogq, (11
where f:C; — CP!, g:Cy — CP! are fixed holomorphic functions on fixed Riemann surfaces
Cy,Cp and h:C — CP!, p:C — Cq, q:C — C, are unknown holomorphic functions on an
unknown Riemann surface C. Notice that substantially we simply describe the components of
the fibred product of the covers f and g. Since, however we did not find any exact references to
this description in the literature, our exposition is very detailed and essentially self-contained.

We always will assume that the considered Riemann surfaces are connected and compact.

2.1. Preliminaries

Let S ¢ CP' be a finite set and zo be a point from CP! \ S. Recall that for any collection,
consisting of a Riemann surface R, holomorphic function p: R — CP!, non-ramified outside
of S, and a point e € p~'{zo}, the homomorphism of the fundamental groups

pe i (R\ p7'{S}, ) = 71 (CP'\ S, 20)

is a monomorphism such that its image I, . is a subgroup of finite index in the group
T ((C]P’l \ S, z0), and vice versa if I" is a subgroup of finite index in 7| ((C]P’1 \ S, z0), then there
exist a Riemann surface R, a function p: R — CP', and a point ¢ € p~'{z¢} such that

pu(m(R\p~'{S).e)) =T

Furthermore, this correspondence descends to a one-to-one correspondence between conjugacy
classes of subgroups of index d in 77 (CP! \ S, z¢) and equivalence classes of holomorphic func-
tions of degree d non-ramified outside of S, where functions p: R — CP' and j: R — CP! are
considered as equivalent if there exists an isomorphism w: R — R such that p = p o w.

For pairs p;: R — CP!, ¢ € pfl{z()} and p2: Ry — CP!, ey € p{l{zO} the groups Iy,
and Iy, ., coincide if and only if there exists an isomorphism w : Ry — Ry such that p; = psow
and w(e1) = ey. More generally, the inclusion

T,

p1,el g I,

p2,€2

holds if and only if there exists a holomorphic function w : Ry — R» such that p; = p; o w and
w(ey) = ey and in the case if such a function exists it is defined in a unique way. Notice that this
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implies that if p: R — CP!, e € p~!{z¢} is a pair such that
pres S Lpe S Tpsses (12)

and v:R; — R, u:R — R3, are holomorphic function such that p = pr ou, p; = p ov and
v(er) =e, u(e) = er then w = u o v. In particular, the function w can be decomposed into a
composition of holomorphic functions of degree greater than 1 if and only if there exists I .
distinct from Iy, ¢, and Iy, ., such (12) holds.

In view of the fact that holomorphic functions can be identified with coverings of Rie-
mann surfaces all the results above follow from the corresponding results about coverings (see
e.g. [15]). Notice that the more customary language describing compositions of coverings uses
monodromy groups of the functions involved rather than subgroups of 7;(CP' \ S, z¢). The
interaction between these languages is explained below. In the paper we will use both these
languages.

Fix a numeration {z1, z2, ..., z-} of points of S and for each i, 1 <i < r, fix a small loop B;
around z; so that 81828, =1 in 71 (CP! \S,z0). If p: R — CP! is a holomorphic func-
tion non-ramified outside of S then for each i, 1 <i < r, the loop B; after the lifting by p
induces a permutation o; (p) of points of p~'{zo}. The group G p generated by o; (p), 1 <i <r,
is called the monodromy group of p. Clearly, the group G, is transitive and the equality
aj(p)az(p)---a-(p) =1 holds in G,. The representation of «;(p), 1 <i <7, by elements
of the corresponding symmetric group depends on the numeration of points of p~!{zo} but the
conjugacy class of the corresponding collection of permutations is well defined. Moreover, there
is a one-to-one correspondence between equivalence classes of holomorphic functions of de-
gree d non-ramified outside of S and conjugacy classes of ordered collections of permutations ¢;,
1 <i <r, from the symmetric group Sy acting on the set {1,2,...,d} such that ¢jar - - -0 = 1
and the permutation group generated by «;, 1 <i < r, is transitive (see e.g. [16, Corollary 4.10]).
We will denote the conjugacy class of permutations which corresponds to a holomorphic function
p:R— CP! by a(p). If

¢p 71 (CP'\ S, 20) > G, C Sy

is a homomorphism which sends B; to «;, 1 < i <, then the set of preimages of the stabiliz-
ers G, i, 1 <i <d, coincides with the set of the groups I', ., e € p_1 {zo}. On the other hand,
for any group I, e € p~{zo} the collection of permutations «;, 1 < i < r, induced on the
cosets of I', . by B;, 1 <i <r, is a representative of a(p).

If a holomorphic function p: R — CP' of degree d can be decomposed into a composi-
tion p = f o g of holomorphic functions ¢: R — C and f:C — CP! then the group G p has
an imprimitivity system 2y consisting of d; = deg f blocks such that the collection of per-
mutations of blocks of §2¢ induced by o;(p), 1 <i <r, is a representative of a(f), and vice
versa if G, has an imprimitivity system §2 such that the collection of permutations of blocks
of £2 induced by «;(p), 1 <i <r, is a representative of &(f) for some holomorphic function
f:C — CP! then there exists a function g : R — C such that p = f o ¢. Notice that if the set
{1,2,...,d)} is identified with the set p~!{zo}, then the set of blocks of the imprimitivity sys-
tem 2y corresponding to the decomposition p = f o g has the form B; = g "), 1<i <dj,
where {11, 12, ..., 14} = fzo}).

Ifp=fo q, where f:C — CP!, qg:R— C, is an other decomposition of p then the im-
primitivity systems £2 ¢, £2 7 coincide if and only if there exists an automorphism 1 : C — C such
that

f=fou™".  g=poq.



F. Pakovich / Bull. Sci. math. 133 (2009) 693-732 701

In this case the decompositions f o g and f o g are called equivalent. Therefore, equivalence
classes of decompositions of p are in a one-to-one correspondence with imprimitivity systems
of Gp,. More generally, if B is a block of £2¢ and € is a block of £2 7 such that B N C is non-
empty, then B and C have an intersection of cardinality / if and only if there exist holomorphic
functions w: R — Ry, q1: Ry — C, q1: R —> C, where degw =1, such that

qg=qiow, qg=q1ow.

In particular, if p = f o g = f o g1 and the imprimitivity systems corresponding to the decom-
positions p = f og and p = f o g coincide then g1 = w o ¢ where w is an automorphism of the
surface C such that f o w = f. Notice however that in general the equality f o g = f o g1 does
not imply that g; = w o g for some w as above. On the other hand, since a holomorphic function
q: R — C takes all the values on C the equality f o g = f] o ¢ always implies that f = f].

By the analogy with rational functions we will call a holomorphic function p: R — CP! of
degree greater than 1 indecomposable if the equality p = f o g for some holomorphic functions
g:R— Cand f:C — CP! implies that at least one of the functions f, g is of degree 1. Clearly,
if p is non-ramified outside of S and zo € CP! \ S, then p is indecomposable if and only if the
subgroups Iy ¢, e € p_l{z()} are maximal in 771 (CP! \ S, 20).

2.2. Description of solutions of Eq. (11)

Let S = {z1,z2,...,2+} be a union of branch points of f, g and zg be a fixed point from
CP'\ s.

Proposition 2.1. Let f:C; — CP', g:Cy» — CP' be holomorphic functions. Then for any
a e f~Yzo} and b € g~'{zo} there exist holomorphic functions u:C — Cy, v:C — Ca,
h:C — CP', and a point ¢ € h~'{z0} such that

h=fou=gov, u(c) =a, v(c) =b. (13)
Furthermore, the function h has the following property: if
h=foii=god, i) =a, (@) =b (14)

for some holomorphic functions h: C — (C]P’li i:C— Cy, 9:C— Cy, and a point & € h~Yzo},
then there exists a holomorphic function w: C — C such that

h=how, U=uow, t=vouw, w(c) =c. (15)

Proof. Since the subgroups Iy, and I, ;, are of finite index in 7| (CP'\ S, zo) their intersection
is also of finite index. Therefore, there exists a pair h:C — CP!, cen! {zo} such that I}, . =
I'ro N T, and for such a pair equalities (13) hold. Furthermore, equalities (14) imply that
Fiz,E C I'yq N Iy p Therefore, Fﬁ!g C I}, and hence h =how for some w:C — C such that
w(c) = c. It follows now from

fou=fouow, gov=govow

and

(uow)(©) =u(c), (vow)(¢) =v(c)
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that
U=uow, I=vow. O

For holomorphic functions f:C; — CP!, deg f = n, and g:C, — CP!, degg = m, fix
some representatives o; (f), o;(g), 1 <i <r, of the classes &(f), &(g) and define the permuta-

tions 81, 82, ..., 8, € Sy, on the set of mn elements cj, j,, 1 < ji1 <n, 1 < jo <m, as follows:
5,‘ — . .7
Civin =CilLib» where
./ .a; (f) ./ . (8) .
J=J1 h=J ", I<i<r

It is convenient to consider cj, j,, 1 < j1 <n, 1 < jo» <m, as elements of an n x m matrix M.
Then the action of the permutation §;, 1 < i < r, reduces to the permutation of rows of M in
accordance with the permutation «; (f) and the permutation of columns of M in accordance with
the permutation «; (g).

In general the permutation group I"(f, g) generated by 6;, 1 <i < r, is not transitive on the
set ¢jy,jp» 1 < j1 <n, 1< jo <m. Denote by o(f, g) the number of transitivity sets of I"(f, g)
and let 6;(j), 1 < j <o(f,g), 1 <i<r, bethe permutation induced by the permutation §;,
1 <i < r, onthetransitivity set U;, 1 < j < o(f, g). By construction, forany j, 1 < j <o(f, g),
the permutation group G ; generated by 6;(j), 1 <i <, is transitive and the equality

81(/)62(j)---8-(j) =1

holds. Therefore, there exist holomorphic functions 4 : R; — CPL, 1< Jj < o(f,g), such that
the collection §;(j), 1 <i <r, is a representative of &(h ;). Moreover, it follows from the con-
struction that for each j, 1 < j < o(f, g), the intersections of the transitivity set U; with rows
of M form an imprimitivity system £2 7 (j) for G; such that the permutations of blocks of §2 /()
induced by §; (j), 1 <i <r, coincide with o; (f). Similarly, the intersections of U; with columns
of M form an imprimitivity system £2, () such that the permutations of blocks of §2,(j) induced
by 8;(j), 1 <i < r, coincide with «;(g). This implies that there exist holomorphic functions
uj:R;j— Cyandv;:Rj — C3 such that

hj=fouj=govj. (16)

Theorem 2.2. Let f:C; — CP!, g:Cy — CP' be holomorphic functions. Suppose that
h:R— CP', p:R— Ci, q: R — C; are holomorphic function such that

h=fop=gogq. (17

Then there exist j, 1 < j < o(f,g), and holomorphic functions w:R — R, p:R; — Cj,
q:Rj — C3 such that

h=hjow, p=pow, g=gow (18)
and
fop~ fouj, gog~govj.

Proof. It follows from Proposition 2.1 that in order to prove the theorem it is enough to show that
for any choice of points a € f~'{zo} and b € g~'{z¢} the class of permutations & (k) correspond-
ing to the function % from Proposition 2.1 coincides with & (h ;) for some j, 1 < j < o(f, g). On
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the other hand, the last statement is equivalent to the statement that for any choice a € f~!{zo}
and b € g_l{zO} there exist j, 1 < j <o(f, g), and an element c of the transitivity set U; such
that the group I'y,, N Iy is the preimage of the stabilizer G . of ¢ in the group G; under the
homomorphism

on; i1 (CP'\ S,20) > G
(see Section 2.1).

For fixed a € f~{zo}, b € g~'{z0} let [ be the index which corresponds to the point a under
the identification of the set f -1 {zo} with the set {1,2, ..., n}, k be the index which corresponds
to the point b under the identification of the set g’1 {zo} with the set {1, 2, ..., m}, and U; be the
transitivity set of I"(f, g) containing the element c; . We have

Tra=¢;"G ), Tep=0;"{Ggul) (19)
Furthermore, if Y1 : Gy — G (resp. ¥2:Gg — G;) is a homomorphism which sends o; (f)
(resp. aj(g)) to a;(hj), 1 <i <r, then

Gri=v (A}, Gerx=13"{Bi). (20)

where A; (resp. By) is the subgroup of G ; which transforms the set of elements ¢}, ;, € U; for
which j; = a (resp. jo» = b) to itself.
Since
Viogs=v20¢s=p;,
it follows from (19), (20) that

TraNTgp= W09 {ANN 2090 (B
=9, AN g, (B =9, {AINB) =9, {Gje,). D

For i, 1 <i < r, denote by

)"l == (ﬁ,la ﬁ,27 LR ] fi,u[)

the collection of lengths of disjoint cycles in the permutation «; (), by

Wi =(8i,1,8i,2>---»8&iv;)

the collection of lengths of disjoint cycles in the permutation o;(g), and by g(R;),
1 < j <o(f g), the genus of the surface R;. The proposition below generalizes the corre-
sponding result of Fried (see [11, Proposition 2]) concerning the case where f, g are rational
functions.

Proposition 2.3. In the above notation the formula

o(f.8) rooup v
(2—2g(R))=>_Y" > GCD(fi ) 8i,) — (r — 2)nm 1)
j=1 i=1ji=1 jo=1

holds.
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Proof. Denote by ¢;(j), 1 <i <r, 1 < j<o(f,g), the number of disjoint cycles in the permu-
tation §; (j). Since for any j, 1 < Jj<o( f, g), the Riemann-Hurwitz formula implies that

-
2-28(Rj) =) ei(j) — (r —2)|Uj|
i=1
we have
o(f.8) o(f.g) r
> (2-2¢(R)) = Z Z i(j) — (r —2)mn.
j=1 j=1 i=1
On the other hand, it follows from the construction that for given i, 1 <i <r

o(f.8) uj
IRAOEDS Z GCD(f; 8i.)»)
Jj=1 J1=1j=1
and hence
o(f.g) r roou
Yo D e(ih=)_>" Z GCD(f; j 8.j,)- O
j=1 i=l1 i=1 ji1=1 ja=1

The proposition below shows that if f, g are rational functions then the Riemann surfaces R},
1 < j<o(f, g), may be identified with irreducible components of the affine algebraic curve

hyg(x,y): Pr(x)Q2(y) — P2(x)Q1(y) =0

where Py, P> and Q1, Q> are pairs polynomials without common roots such that
f=P/P, g=01/0>.

Proposition 2.4. For rational functions f,g the corresponding Riemann surfaces R;,
1< j<o(f,g), are in a one-to-one correspondence with irreducible components of the curve
hye(x,y). Furthermore, each R; is a desingularization of the corresponding component. In
particular, the curve hy¢(x,y) is irreducible if and only if the group I'(f, g) is transitive.

Proof. For j, 1 < j <o(f,g), denote by §; the union of poles of u; and v; and define the
mapping t;: R; \ §; — C? by the formula

z—> (uj,vj).
It follows from formula (16) that for each j, 1 < j < o(f, g), the mapping ¢; maps R; to an
irreducible component of the curve & ¢ (x, y). Furthermore, for any point (a, b) on hy 4 (x, y),

such that zo = f(a) = g(b) is not contained in S, there exist uniquely defined j, 1 < j < o(f, g),
and c € h;l {zo} satisfying

uj(c)=a, vi(c)=»h
This implies that the Riemann surfaces R;, 1 < j < o(f, g), are in a one-to-one correspon-
dence with irreducible components of 4 7 (x, y) and that each mapping ¢;, 1 < j <o(f, g), is
generically injective. Since an injective mapping of Riemann surfaces is an isomorphism onto
an open subset we conclude that each R; is a desingularization of the corresponding component
of hye(x,y). O
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3. Irreducible and reducible pairs

Let f:C; — CP!, g:Cy — CP! be a pair of holomorphic functions non-ramified outside
of § and zg € CP'\ S. By the analogy with the rational case we will call the pair f, g irreducible
if o(f, g) = 1. Otherwise we will call the pair f, g reducible. In this section we study properties
of irreducible and reducible pairs.

Proposition 3.1. A pair of holomorphic functions f:C; — CP', g:Cy — CP' is irreducible
whenever their degrees are coprime.

Proof. Let n =deg f, m = degg. Since the index of I'f,, N [ p in m((CIP’] \ S, zg) coincides
with the cardinality of the corresponding imprimitivity set U ;, the pair f, g is irreducible if and
only if for any a € f~!{zo}, b € g~'{z0} the equality

[71(CP'\ S, 20) : [pa N Ty p] = nm (22)

holds. Since the index of I, N Iy p in 711((CIP’1 \ S, zo) is a multiple of the indices of I'f,, and
Iy pinm (CP'\ S, z0), this index is necessary equal to mn whenever n and m are coprime. O

Theorem 3.2. A pair of holomorphic functions f:C; — CP!, g:Cy — CP! is irreducible if
and only if for any a € f~'{zo}, b € g~ {zo} the equality

Tfalep=Tgplta=m(CP'\ S, z0) (23)
holds.

Proof. Since
[TL’] ((CPI \S, Zo) Tga N Fg,b] = [7‘[1 ((C[P’l \S, Z()) : Fg,b][Fg,b TraN Ty ],
the equality (22) is equivalent to the equality
[Fg,h : Ff‘a N Fg,h] =n. (24)
Recall that for any subgroups A, B of finite index in a group G the inequality
[(A,B):A]>[B:ANB] (25)

holds and the equality attains if and only if the groups A and B are permutable (see e.g. [13,
p- 791). Therefore,

n=[m1(CP'\ . 20) : '] = [(Fpas Te) : Tria] 2 g Tra N Tyt

and hence equality (24) holds if and only if Iy, and I}, are permutable and generate
7 (CP'\ S, z0). O

Corollary 3.3. Let f: C; — CP!, g: C, —> ((;]P’l be an irreducible pair of holomorphic functions.
Then any pair of holomorphic functions f :C; — CP!, g:Cy — CP' such that

f=fop, g=goq

for some holomorphic functions p:Ciy — Cy, q:Co — Cs is also irreducible.
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Proof. Since for any a € f‘l{zO}, be g Yzo}anda e p~'{a}), b e q_l{l;} the inclusions

Ff,agrf"g,’ Fg,bgrg,yl;
hold it follows from (23) that
1
fa gb_Fg,l;Ff,a ((C]P \ S, Zo) O

= [ T

beg~{zo}

and denote by N ¢ the corresponding equivalence class of holomorphic functions. Since the sub-
group I'y, is normal in 71(CP\ S, z9), for any a1, as € £~ '{zo} the subgroups I'f,q, I'n, and
I’t.a,I'n, are conjugated. We will denote the equivalence class of holomorphic functions corre-

sponding to this conjugacy class by f Ng.

Proposition 3.4. For any pair of holomorphic functions f:Ci — CP!, ¢g:C>» — CP! and a
representative fNg:C — CP' of f N the equality

o(f,g) =o0(fNg,g)
holds.

Proof. For any a € f~Yzo}, b € g7'{z0} the action of the permutation group I"(f, g) can be
identified with the action of 7| (CP! \ S, z0) on pairs of cosets aj, I'fq, BjTgp, 1 < j1 <n,

1 < jo < m. Furthermore, two pairs o, I'r,q, Bj,1g,» and o I'y,q, Bi, g p are in the same orbit
if and only if the set

ai Tracy 0By Te B! (26)
is non-empty.

Associate now to an orbit I'(f, g) containing the pair o, I'rq, Bjplep, 1 < j1 < n,
1 < j» <m, an orbit of I'(f N, g) containing the pair « Ff,aFNg, Bj, Ig - If set (26) is non-
empty, then the set

oi Traln o) 0 B Tenh) 27
is also non-empty and therefore we obtain a well-defined map ¢ from the set of orbits of I"(f, g)
to the set of orbits of I"(f N,, g). Besides, the map ¢ is clearly surjective.

In order to prove the injectivity of ¢ we must show that if set (27) is non-empty, then set (26)
is also non-empty. So suppose that (27) is non-empty and let x be its element. In view of the
normality of 'y, the equality

szlrfaFNg ]_1 _ocllFfaa FNg

holds and therefore there exist o« € I'fq, B € I Nyg» and y € I, such that
—1 —1
X =000, B =,3i27,3j2 .
Furthermore, it follows from the definition of I Ng that there exists y; € I, such that
,szlﬂﬂjz =y implying B = B, ylﬁj;l. Set y =xp~!. Then we have
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y—allc{o{ —ﬂlzyﬂjz ﬂ _.312)’7/1 /3]2 .
This implies that y is contained in set (26) and hence (26) is non-empty. O

The following result is a straightforward generalization of the corresponding result of Fried
about rational functions (see [10, Proposition 2]).

Theorem 3.5. For any reducible pair of holomorphzc functions f:Cy — CP!, g:C, — CP!
there exist holomorphic functions f1 : C1 — CP!, g1: C2 — CP!, andp:Cy — C1 q:Cr— C2
such that

f=fiop, g=gioq, o(f.g)=o0(f1,g), and Np =N,,. (28)

Proof. For a holomorphic function p: R — CP! denote by d(p) a maximal number such that
there exist holomorphic functions of degree greater than 1

p1:R— Ry, pi:Ri-1—R;, 2<i<d(p)—1, Pa(p): Ra(py—1 — CP!
satisfying

P = Pd(p) © Pd(p)—1°---0P1.

We use the induction on the number d =d(f) + d(g).
If d =2 that is if both functions f, g are indecomposable, then the equality d(f) = 1, taking
into account the normality of N,, implies that either

I'faNg =T, (29)
foralla € f~'{z0} or
IpaNg = (CP'\ S, z0) (30)

foralla € f ~1{z0}. The last possibility however would imply that for any b € g‘l {z0}
Ff,urg‘b = Fg’brf’a = j'[l ((Cpl \ S’ ZO)

in contradiction with Theorem 3.2. Therefore, equalities (29) hold and hence

NeS () Tra=Ny.
ae f~{zo}
The same arguments show that Ny C N,. Therefore, N, = Ny and we can set fi = f, g1 =g
Suppose now that d > 2. If Ny = Ny, then as above we can set f1 = f, g1 = g so assume that
Ny # N,. Then, again taking into account the normality of N, either

I'ta & I'ralNg (€1))
foralla € f~'{zo} or
Iep G I pNy

for all b € g~'{z0}. Suppose say that (31) holds. Since equality (30) is impossible, this implies
that for any a € F~Yzo} there exist h: C — CP! and ¢ € h~'{zo} such that T'faNg =T}

It follows from (31) that f = h o p for some p:Cy — C with 1 <degh < deg f and hence
d(h) < d(f). Since by Proposition 3.4 the equality o( f, g) = o(h, g) holds the theorem follows
now from the induction assumption. 0O
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Theorem 3.6. Let f:C; — CP', g:Cy — CP! be an irreducible pair of holomorphic functions
and p:C — Cy, q:C — Ca be holomorphic functions such that f o p = g oq. Suppose that q is
indecomposable. Then f is also indecomposable.
Proof. Seth = f o p=goq and fix a point ¢ € h~!{zo}. Since

Fh,c Cc Ff,a, Fh,c - Fg,bs (32)
where a = p(c), b = ¢q(c), we have

Fh,c - Ff',a N Fg,b - Fg,b- (33)
Furthermore, by Theorem 3.2

Ifalgp=m(CP'\ S, z0). (34)

Since (34) implies that I'y, N Iy, # Iy p it follows from (33) taking into account the indecom-
posability of ¢ that

Ine=TfaNTgp. (35)

In order to prove the theorem we must show that if I" C 71 (CP' \ S, z¢) is a subgroup such
that

I'ia & T (36)
then I" = 71 (CP' \ S, zo). Clearly, (34) implies that

[Ty = (CP'\ S, 20). (37)
Consider the intersection

N=rnrg.
It follows from (25) and (34), (37) that

[71(CP'\ S, 20) : Ta] =[Tep: Thel, [ (CP'\ S, 20): '] = [Ty : I11-
Therefore, (36) implies that

Ugp: Il <[Lgp: Il

and hence I, . C I7. Since I C I it follows now from the indecomposability of ¢ that
I = Iy p. Therefore, Iy, € I'. Since also I'r, € I' it follows now from (34) that I" =
71 (CP'\ S,z0). O

4. Double decompositions involving generalized polynomials

Say that a holomorphic function / : C — CP! is a generalized polynomial if h~'{oo} consists
of a unique point. In this section we mention some specific properties of double decompositions
f o p=gogq inthe case when f, g are generalized polynomials.

We start from mentioning two corollaries of Theorem 3.5 for such double decompositions.

Corollary 4.1. If in Theorem 3.5 the functions f, g are generalized polynomials then deg f1 =
degg;.
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Proof. The equality f = f1 o p for a generalized polynomial f implies that f7 is also a gener-
alized polynomial. Furthermore, since I’ Ny, = N, e o) I'f, .« the monodromy group of I Ny,
may be obtained by the repeated use of the construction given in Section 2.2. On the other hand,
it is easy to see that if f] is a generalized polynomial then on each stage of this process the
permutation corresponding to the loop around infinity consists of cycles of length equal to the
degree of f] only. Therefore, the same is true for I'y,, and hence the equality Z\A/f1 =N ¢; implies

that deg f1 =degg;. O

The following important specification of Theorem 3.5 goes back to Fried (see [10, Proposi-
tion 2]).

Corollary 4.2. Let A, B be polynomials such that curve (2) is reducible. Then there exist poly-
nomials A1, By, C, D such that

A=A10C, B=BioD, NAIZNBI, (38)

and each irreducible component F(x,y) of curve (2) has the form Fi(C(x), D(y)), where
Fi(x,y) is an irreducible component of the curve

A1(x) — Bi(y) =0. (39)

Proof. Indeed, it follows from Theorem 3.5 and Proposition 2.4 that there exist polynomials
Ay, By, C, D such that equalities (38) hold and curves (2) and (39) have the same number of
irreducible components. Since for each irreducible component Fj(x, y) of curve (39) the poly-
nomial F1(C(x), D(y)) is a component of curve (2), this implies that any irreducible component
F(x,y) of curve (2) has the form F;(C(x), D(y)) for some irreducible component Fy(x, y) of
curve (39). 0O

For a holomorphic function /:C — CP! and z € C denote by mult, & the multiplicity of /
at z.

Theorem 4.3. Let f:C; — CP', g:Cy — CP! be generalized polynomials, deg f = n,
degg =m, | =LCM(n,m), and h: R — CP!, p:R — Ci, q: R — Cy be holomorphic func-
tions such that

h=fop=gogq. (40)
Then there exist holomorphic functions w: R — C, p:C — Cy, q:C — C3 such that

p=pouw, g=qgow, (41)
and for any z € h~'{o0}

mult, p =1/n, mult,g =1/m.

Proof. In view of Theorem 2.2 it is enough to prove thatif u ;, v;, 1 < j < o(f, g), are functions
defined in Section 2.2 then for any z € h~'{oo} and j, 1 < j < o(f, g), the equalities
mult,u; =1/n, mult; v; =1/m 42)

hold.
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Since f, g are generalized polynomials it follows from the construction given in Section 2.2
that for any function 7; = fou; =gov;, 1 <j <o(f, g), the permutation of its monodromy
group corresponding to the loop around infinity consists of cycles of length equal to [ only. On the
other hand, the length of such a cycle coincides with the multiplicity of the corresponding point
from h;l {oo}. Now equalities (42) follow from the fact that for any z € R;, 1 < j <o(f, g),

mult; 7; = multy ;) f mult; u; = multy; ;) g mult; v;. a

Corollary 4.4. Let A, B be polynomials of the same degree n and C, D be rational functions
such that

AoC=BoD.

Then there exist a rational function W, mutually distinct points of the complex sphere y;,
1 <i <r, and complex numbers «;, B;, 0 <i <r, such that

C=<Oto+ l +--+ o )oW, D=<ﬂo+ hi +-+ br )oW.
=V = Vr =N = Vr

Furthermore, if a is the leading coefficient of A and B is the leading coefficient of B then aa}' =
BB 1<i<r.

Proof. Since degA = deg B it follows from Theorem 4.3 that there exist rational functions
A,B,W suchthat C=C oW, D= D o W, and all the poles of C and D are simple (the
functions C and D obviously have the same set of poles coinciding with the set of poles of the
function AoC=Bo ﬁ). Denoting these poles by y;, 1 <i < r, we conclude that

é=a0+ o] TR oy ’ 52,304' B1 I Br
=N =V =V =V
for some «;, ;i € C, 0 <i <r (in case if y; = oo for some i, 1 < i < r, the corresponding terms
should be changed to «;z, Biz).

Furthermore, if « (resp. ) is the leading coefficient of A (resp. B) then the leading coefficient
of the Laurent expansion of the function A o C (resp. B o D) near y;, 1 <i <r, equals oza?
(resp. BB]"). Since A o C = B o D this implies that for any i, 1 <i < r, the equality aa) = BB;
holds. O

Notice that replacing the rational function W in Corollary 4.4 by the function © o W, where
W is an appropriate automorphism of the sphere, we may assume that y1, y», y3 are any desired
points of the sphere.

Finally, let us mention the following corollary of Theorem 4.3 which generalizes the corre-
sponding property of polynomial decompositions.

Corollary 4.5. Suppose that under assumptions of Theorem 4.3 the function h is a generalized
polynomial and deg f =degg. Then fop~gogq.

Proof. Set x = f~!{oc}. The conditions of the corollary and Theorem 4.3 imply that 5 x)
contains a unique point and the multiplicity of this point with respect to p is one. Therefore p is
an automorphism. The same is true for g. O
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5. Ritt classes of rational functions

As it was mentioned above the first Ritt theorem fails to be true for arbitrary rational functions
and it is quite interesting to describe the classes of rational functions for which this theorem
remains true. In this section we propose an approach to this problem. This approach is especially
useful when a sufficiently complete information about double decompositions of the functions
from the corresponding class is available. In particular, our method permits to generalize the first
Ritt theorem to Laurent polynomials using the classification of their double decompositions.

It is natural to assume that considered classes of rational functions possess some property of
closeness which is formalized in the following definition. Say that a set of rational functions R is
a closed class if for any F € R the equality F = G o H implies that G € R, H € R. For example,
rational functions for which

min |F_1{z}| <k,

zeCP!
where k > 1 is a fixed number and |F~!{z}| denotes the cardinality of the set F~!{z}, form a
closed class. We will denote this class by Rg.

Say that two maximal decompositions D, € of a rational function F are weakly equivalent if
there exists a chain of maximal decompositions F;, 1 <i <s, of F such that ¥ =D, F; ~ €,
and F; is obtained from F;, 1 <i < s — 1, by replacing two successive functions A o B in JF;
by new functions C o D such that Ao C = Bo D. Itis easy to see that this is indeed an equivalence
relation. We will denote this equivalence relation by the symbol ~,,. Say that a closed class of
rational functions R is a Ritt class if for any F € R any two maximal decompositions of F are
weakly equivalent. Finally, say that a double decomposition

H=AoC=BoD (43)

of a rational function H is speciql if~ C, D are indecomposable, the pair A, B is reducible, and
there exist no rational functions A, B, U, degU > 1, such that

A=UoA, B=Uo B, AoC=BoD. (44)
For decompositions
A: A=A, 0A,_jo---0A], B: B=ByoBs_j0---0Bj
of rational functions A and B denote by A o B the decomposition
Ay0Ay_10-0AjoBsoBs_j0--0B
of the rational function A o B. In case if a rational function R is indecomposable we will denote

the corresponding maximal decomposition by the same letter.

Theorem 5.1. Let R be a closed class of rational functions. Suppose that for any P € R and any
special double decomposition

P=VoVi=WoW

of P the following condition holds: for any maximal decomposition V of V and any maximal de-
composition W of W the maximal decompositions Vo Vi and W o W\ of P are weakly equivalent.
Then R is a Ritt class.
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Proof. For a function H € R denote by d(H) the maximal possible length of a maximal decom-
position of H. We use the induction on d(H).

If d(H) = 1, then any two maximal decompositions of H are weakly equivalent. So, assume
that d(H) > 1 and let

Hi: H=F,0oF,_10---0Fy, Ho: H=G30G4_10---0Gy
be two maximal decompositions of a function H € R. Set

F=F,0F_j0---0F>, G=G;0G5_10---0Gy (45)
and consider the double decomposition

H=FoF =GoGj. (46)

If the pair F, G is irreducible, then Theorem 3.6 implies that 3 ~, J{, and therefore we must
consider only the case when the pair F, G is reducible.

If (46) is special then 3 ~,, H, in view of the assumption of the theorem. Thus, assume
that (46) is not special and let F , G, U, degU > 1, be rational functions such that

F=UoI:“7 G=Uoé, ﬁoF]zéoGl.

Denote by f]tC] , .‘J:Cz the maximal decompositions (45) of the functions F and G and pick some
maximal decompositions

?:F:Fnoﬁn_lo-noﬁl, G:G=GpoGj_10---0Gy,
U: U=U;joUj_jo---0U;

of the functions F , G, U.
Since R is closed, F, G € R. Furthermore, d(F),d(G) < d(H). Therefore, the induction
assumption implies that

Hi~wUoF,  Fo~ypUo§
and hence
Hi~pUoFoF,  Hy~yUoGoGy. 47)
Similarly, the function H=Fo F = Go G is contained in R and d(I:I) < d(H). Hence,
FoFi~yGoGy. 48)
Now (47) and (48) imply that H; ~,, Hp. O

As an illustration of our approach let us prove the first Ritt theorem.
Corollary 5.2. The class R is a Ritt class.
Proof. In view of Theorem 5.1 it is enough to prove that a polynomial H has no special double

decompositions (43). Thus, assume that the pair A, B in (43) is reducible. By Corollary 4.1 there
exist polynomials A, By, U, V such that

A=A|oW, B=BioV, deg A; =deg By > 1.
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Furthermore, Corollary 4.5 implies that
Ajo(WoC)~Bjo(VoD,).
Therefore, equalities (44) hold for
U=A, A=W, B=uoV,

and an appropriate 1 € Aut(CP'), and hence (43) is not special. O
6. Solutions of Eqs. (9) and (10)
In this section we solve Egs. (9) and (10).

Lemma 6.1. Let Ly, Ly be Laurent polynomials such that the equality

Lio Zdl =1Is0 Zd2 (49)
holds for some dy, d> > 1. Then there exists a Laurent polynomial R such that

L1:RozD/d‘, L2:RozD/d2, (50)
where D = LCM(d1, dy).
Proof. For any subgroup G of Aut(CP!) the set k¢, consisting of rational functions f such that
foo = fforall o € G, is a subfield kg of C(z). Therefore, by the Liiroth theorem k¢ has the
form kg = C(pg(z)) for some rational function ¢g.

Denote by F the Laurent polynomial defined by equality (49). It follows from (49) that F is

invariant with respect to the automorphisms «1 : z — exp(2wi/dy)z, as : z — exp(2mwi/d>)z.
Therefore, F is invariant with respect to the automorphism group G generated by o1, oy. Clearly,

@G = zP and hence F = R oz for some Laurent polynomial R. Now equalities (50) follow from
equalities

RozDz(RozD/dl)ozdl=L102d‘, RozDz(RozD/dz)oz‘b:Lzozdz. |

Notice that Lemma 6.1 implies that if A, B, L, L, is a solution of Eq. (10), then condition 1)
of Theorem 1.1 holds.
Set

Dy= (4
n = B < o .
Notice that for any m|n

D, = n/m © Dy, = Dn/m o™,

Lemma 6.2. Let F be a rational function such that

F(z) = F(1/2) = F(e2),

where € is a root of unity of order n > 1. Then there exists a rational function R such that
F=RoD,.
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Proof. Let G be a subgroup of Aut(CP') generated by the automorphism «; : z — vz, where

v = exp(2mi/n), G, be a subgroup of Aut(CP!) generated by the automorphism a5 : z — %,

and G3 be a subgroup of Aut(CP') generated by o] and as. It is easy to see that generators of
the corresponding invariant fields are ¢, = z", ¢g, = D1, and @G, = D,,. Since F is invariant
with respect to G| and G it is invariant with respect to G3 and therefore F = R o D,, for some
rational function R. O

Lemma 6.3. Let A, B be polynomials of the same degree and L1, L, be Laurent polynomials
such that
AoLi=BolL, 619

and A o L1 » B o Lj. Then there exist polynomials w1, wy of degree one, a root of unity v, and
a € C such that

wioLjo(az) = Dy, wo o Ly o (az) = D, o (vz). (52)
Furthermore, if a polynomial A and a Laurent polynomial L satisfy the equation
D,=AolL (53)

for some r > 1, then there exist a polynomial w of degree one, a root of unity v, and n > 1 such
that

woL =D,o(vz). 54

Proof. Indeed, it follows from Corollary 4.4 that there exist a rational function W and «, o1, 2,
Bo, y € C such that

[v%) a2y
L1=<ao+alz+7>oW, L2=<ﬂo+a1V1yz+ - )oW,

for some mth roots of unity vy, vy, where m = deg A = deg B. Furthermore, it follows from
Ao Ly~ Bo L that ajap # 0. Since the function defined by equality (51) has two poles, this
implies that W = ¢z", ¢ € C, and without loss of generality we may assume that ¢ = 1. The first
part of the lemma follows now from the equalities

o 2012 1 1
0lo+0l1Zr+Z—r2=(010+ al )o—(zr—{—z—)o(az),

r 2 r
v 20112 1 1
Bo+aiviyzr + 2Z—r2y = <ﬂ0+ alrivlry) o §<zr + z_’> o (vaz),

where a and v are numbers satisfying a¥ = /oo and v = /V2.
Suppose now that equality (53) holds. Set n = deg L and consider the equality

D, =T, jpoD,=AolL. (55)

If the decompositions appeared in (55) are not equivalent, then arguing as above and taking into
account that in this case a = 1, we conclude that (54) holds for some root of unity v. On the other
hand, if the decompositions in (55) are equivalent then (54) holds forv=1. O

The theorem below provides a description of solutions of Eq. (9) and implies that if
A, Ly, Ly, 7% is a solution of (9) then either condition 1) or condition 4) of Theorem 1.1 holds.
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Theorem 6.4. Suppose that polynomials A, D and Laurent polynomials L1, Ly (which are not
polynomials) satisfy the equation

AoL;y=LyoD. (56)
Then there exist polynomials R, A, D, W and Laurent polynomials L], iz such that

A=RoA, Ly=Ro Ly, Li=LioW, D=DoW,

AoLi=LsoD (57)
and either

AoLyi~7"07"L(Z"), LyoD~Z'L"(z)oz", (58)

where L is a Laurent polynomial, r > 0, n > 1, and GCD(r,n) =1, or

AOZI'\’ZzoDMv Z2ODNDm0Zns (59
where T, is the nth Chebyshev polynomial, n > 1, m > 1, and GCD(m, n) = 1.
Proof. Without loss of generality we may assume that C(L, D) = C(z). Since the function

defined by equality (56) has two poles, D = cz", where ¢ € C, and we may assume that ¢ = 1.
Therefore,

AoLi=LyoD=LyoDogz=AoLjoez,

where ¢ = exp(2mi/n).
If the decompositions A o Lj and A o (L o £z) are equivalent then we have

Lioegz=vol,, (60)

where v € Aut((CIP’l). Furthermore, since v transforms infinity to infinity, v is a linear function
and equality (60) implies that v°"* = z. Therefore, v = o 4+ wz for some nth root of unity w and
a € C. Now the comparison of the coefficients of both parts of equality (60) implies that L; has
the form

Li=B+7ZL(Z"), 0<r<n,

where L is a Laurent polynomial and 8 € C. Clearly, without loss of generality we may assume
that 8 = 0 and this implies that also o = 0.
It follows from

AoLj=AoLiogz=AowzolL

that A o wz = A. Since w = ¢" and GCD(r, n) = 1 in view of the assumption C(L1, D) = C(z),
this implies that A = R o 7" for some polynomial R. It follows now from the equality

LyoZ"=AoLij=Ro7"oZ L(z")=RoZ L"(z)oZ"

that Ly = R o 7" L"(z). Therefore, if the decompositions A o L and A o (L1 o £7) are equivalent,
then equalities (57), (58) hold.

Suppose now that the decompositions A o L and A o (L o €z) are not equivalent. Since
for any a € C we have 7" o (az) = (a"z) o 7", it follows from Lemma 6.3 that without loss of
generality we may assume that D is still equal z”* while

Ly=D,,=Djo7". 61)
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Moreover, GCD(m, n) = 1 in view of the assumption C(L{, D) = C(z). It follows now from (56)
and (61) and Lemmas 6.1 and 6.2 that the Laurent polynomial L defined by equality (56) has the
form L = R o Dy, where R is a polynomial. Therefore,

AoDy,=RoDy,=RoT,0D,
and hence A = R o T,,. Similarly,

Lyo7"=RoDy,=RoDyoz"
and hence Ly =Ro D,. 0O

7. Reduction of Eq. (8) for reducible pairs A, B

In this section we show that the description of solutions of Eq. (8) for reducible pairs A, B
reduces either to the irreducible case or to the description of double decompositions of the func-
tion D,,.

Lemma 7.1. Suppose that polynomials A, B satisfy the equation

Ao Dyo(uz) =B o Dy, (62)

where gcd(n,m) =1 and p is a root of unity. Then there exist a polynomial R and | > 1 such
that " =1 and

A=Rou"'T,, B=RoT,.

Proof. Let F' be a Laurent polynomial defined by equality (62). It follows from F = B o Dy,
that F o (1/z) = F. On the other hand,

((2) ()
Fo(l/z2)=AoDyo(u/z)=Aoc—-{|—) +|—
2 z m

=AoDyo(z/n) =AoDyo(uz)o(z/u?) = F o (z/u?).

Therefore, F = F o 7% for some rational function F and d equal to the order of 1/ ,uz. Since also

1 n
DnO(Mz)=§ nz+

1
>oz", D,, =Djo7",

n'z

Lemmas 6.1 and 6.2 imply that F = R o Dy, where R is a rational function and / =
lem(d, nm)/nm.
It follows now from

BoD,=RoD,;=RoT,,0D,
that B = R o Tj,. On the other hand, taking into account that M”’"l = =1, we have
AoDy=Fo(z/u)=RoDymo(z/n)=R oMnmIDnml =R O//anlTlm o Dy

and therefore A = R o ("' T},,). O
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Theorem 7.2. Suppose that polynomials A, B and Laurent polynomials Ly, Ly satisfy the equa-
tion

AoLi=Bol, (63)

and the pair A, B is reducible. Then there exist polynomials R, A, B, W and Laurent polyno-
mials L1, Lo such that

A=RoA, B=RoB, Li=LioW, Ly=1IL,0W,

AoLi=Bol, (64)
and either the pair A, B is irreducible or
Aoiy~— n,ol<gzm+i), éozzwm,ol(zui), (65)
2 ez 2 "
where Ty, Ty are the corresponding Chebyshev polynomials with n,m > 1, [ > 2, gl = —1,

and GCD(n,m) = 1.

Proof. Without loss of generality we may assume that C(Lj, L2) = C(z) and that there exist no
rational functions R, A, B with deg R > 1 such that the equalities

A=RoA, B=RoB, AoLi=Bol, (66)

hold. If the pair A, B is irreducible, then the statement of the theorem is true, so assume that it is
reducible.
By Theorem 3.5 and Corollary 4.1 there exist polynomials Ay, By, U, V such that

A=A;0oU, B=BjoV, deg A1 =deg By > 1. 67)
Furthermore,
Aro(UoLjy)» Bjo(Volj) (68)

since otherwise (66) holds for
R=A,, A=U, B=puoV,

where p is an appropriate automorphism of the sphere. Therefore, by the first part of Lemma 6.3,
we may assume without loss of generality that

UoLy=D,o(vz), VolLy=D,, (69)

where v is a root of unity. Applying now the second part of Lemma 6.3 to equalities (69) we see
that without loss of generality we may assume that

L1 =Dy, 0 (uz), Ly = D,, (70)

where u is a root of unity. Moreover, GCD(n, m) = 1 in view of the condition C(L1, L) = C(z).
In particular, we may assume that z is odd.

It follows from (70) by Lemma 7.1 taking into account the assumption about solutions of (66)
that there exists a polynomial R of degree one such that

1 1
A=Ro(e"Tu), L1=—(8z”’+—>, B=RoTu. Ly=Dy,
&
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where ¢ = " and [ > 1. Furthermore, since the pair A, B is reducible it follows from Proposi-
tion 3.1 that [ > 1. Clearly, 2" = 1. Notice finally that we may assume that &/ = —1. Indeed, if

nl — 1 and nl is odd, then, taking into account that 7,,; o (—z) = —T},;, we may just change & to
—e&. On the other hand, if nl is even, then ¢ = 1 contradicts to the assumption about solutions
of (66). Indeed, since by the assumption »n is odd, if n/ is even then / is also even and gl =1
implies that an(l/ 2) — 41. Hence,

To =T o (W™ DT 2))
and
A=(RoTy) o (WP, ), B=(RoT)oTuim.

where

(1™ D T012)) © Dy o (12) = (1™ ? Dy ) © (142) = Dunnit/2) = T 2) © Dy

In order to finish the proof we only must show that the algebraic curve

Tin(x) + Tim(y) =0, (71)

where GCD(n, m) = 1, is reducible if and only if / > 2. First observe that if / is divisible by an
odd number f then (71) is reducible since

Tin(x) + Tim () =Tr o Ty — Tr o (=Tmayf))-

Similarly, if / is divisible by 4 then (71) is also reducible since the curve T4(x) + T4(y) =0 is
reducible.

On the other hand, if [ = 2 then (71) is irreducible. Indeed, otherwise Corollaries 4.2, 4.1
imply that

T, =A10C, —Tom =BioD, (72)
for some polynomials A, By, C, D such that deg A; = deg B; =2 and the curve

A1(x) = Bi(y) =0 (73)

is reducible. Since Ty = T» o Ty it follows from Corollary 4.5 that if equalities (72) hold then
A1 =T, o1, By = —T; o uy for some automorphisms of the sphere. However, it is easy to see
that in this case curve (73) is not reducible. Therefore, the condition that equality (72) holds and
the condition that curve (73) is reducible may not be satisfied simultaneously and hence (71) is
irreducible. O

8. Solutions of Eq. (8) for irreducible pairs A, B

In this section we describe solutions of Eq. (8) in the case when the pair A, B is irreducible.
We start from a general description of the approach to the problem.

First of all, if A, B is an irreducible pair of polynomials, then rational functions C, D satisfy-
ing Eq. (1) exist if and only if the genus of curve (2) equals zero. Furthermore, it follows from
Theorem 2.2 that if C, D is a rational solution of (1) such that deg C = deg B, deg D = deg A,
then for any other rational solution C, D of (1) there exist rational functions Cq, D1, W such
that

C=CioW, D=D;oW, AoCi~AoC, BoDy~BoD.
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Finally, if C, D are Laurent polynomials, then the function /1 from Theorem 2.2 should have two
poles. On the other hand, it follows from the description of the monodromy of 4, taking into
account that A, B are polynomials, that the number of poles of 41 equals GCD(deg A, deg B).

The remarks above imply that in order to describe solutions of Eq. (8) for irreducible pairs
of polynomials A, B we must describe all irreducible pairs of polynomials A, B such that
GCD(deg A, deg B) < 2 and the expression for the genus of (2) provided by formula (21) gives
zero. Besides, for each of such pairs we must find a pair of Laurent polynomials L, L, satisfy-
ing (8) and such that deg L| = deg B, deg L, = deg A.

The final result is the following statement which supplements (over the field C) Theorem 6.1
of the paper of Bilu and Tichy [3].

Theorem 8.1. Suppose that polynomials A, B and Laurent polynomials L1, L, satisfy the equa-
tion

AoLi=Bol,

and the pair A, B is irreducible. Then there exist polynomials A, B, i, degu =1, and rational
functions Ly, Ly, W such that

A:,uofi, B:,uoé, leiloW, L2:l~,20W, A~ol~,1:§ol~,2

and, up to a possible replacement of A to B and L to L, one of the following conditions holds:
1) A~ol~,1~z”oer(z"), BolLy~Z R"(2)o07",
where R is a polynomial, r >0, n > 1, and GCD(n,r) = 1;

2) Aoly~T,o0T,, Boly~T,oT,,

where T,, T,, are the corresponding Chebyshev polynomials withm,n > 1, and GCD(n,m) = 1;

o L 1 - L1
3) AOLIN_Tznloi €z +82m1 ’ BOL2NT2m]o§ Z +ZTI s

where To,,, To;, are the corresponding Chebyshev polynomials with my,ny 2> 1, g2 = 1,
and GCD(ny,m) = 1;

’

H  Aoli~iteilg(E Boly~(1-)52)
o ~z°0o —_—, o ~ (11— o

1 < Z2 +1 22 T1 2 < < Z2 1
where S is a polynomial,

3 33z%+4z22 —6z22+4z-1)

5 AoLi~ (-1 ,

) oLi~(@-1)e (32— 1)
. 4920 —9z* + 1823 — 1522+ 62— 1)
Bol,~ (32" —47 .
oLy~ (32" —4z%) 0 G2 1)

The proof of this theorem is given below and consists of the following stages. First we rewrite
formula for the genus of (2) in a more convenient way and prove several related lemmas. Then
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we introduce the conception of a special value and classify the polynomials having such values.
The rest of the proof reduces to the analysis of two cases: the case when one of polynomials A, B
does not have special values and the case when both A, B have special values.

Notice that if at least one of polynomials A, B (say A) is of degree 1 then condition 1) holds
with u = A, R = A l'oB, n=1,r=0, W= L. So, below we always will assume that
deg A, deg B > 1. Besides, since one can check by a direct calculation that all the pairs of Laurent
polynomials L1, L in Theorem 8.1 satisfy the requirements above, we will concentrate on the
finding of A and B only.

8.1. Genus formula and related lemmas

Let S ={z1, 22, ..., z5} be any set of complex numbers which contains all finite branch points
of a polynomial A of degree n. Then the collection of partitions of the number 7:
(a,1,a1,2,-..,a1,p;)s -+, (As,1,052, ..., A5, p,),

where (a;1,4a;2,...,a;p,), 1 <i <s, is the set of lengths of disjoint cycles in the permuta-
tion «; (A), is called the passport of A and is denoted by P(A). Notice that, since we do not
require that any of the points of S is a branch point of A, some of partitions above may contain
units only. We will call such partitions trivial and will denote by s(A) the number of non-trivial
partitions in P(A).

Below we will assume that S is a union of all finite branch points of a pair of polynomials
A, B, deg A =n, deg B =m, and use the notation

(bl,l, b1,2, ey bl,ql)’ ceey (bs,l» bs,2» ey bs,qx)v

for the passport P(B) of B. Clearly, by the Riemann—Hurwitz formula we have

Zpiz(s—l)n+l, Zin(s—])m-l—l. (74)
i=1 i=1

For an irreducible pair of polynomials A, B denote by g(A, B) the genus of curve (2). We
start from giving a convenient version of formula (21) for g(A, B).

Lemma 8.2.

—2g(A, B) =GCD(m,n) — 1

s pi qi
+Y > [ai, il —gq)—1+4 Y GCD(a; b ,p}. (75)
i=1ji=1 2=1
Proof. It follows from (74) that
N

s Pi N N
YD a0 —gy—1]=) [n(d—g)—pi]=ns—n) g—Y pi
i=1 i=1

i=1 ji=1 i=l1
:ns—n((s— l)m+1) — ((s— 1)n+l)=—n(s— Dm — 1.

Therefore, the right side of formula (75) equals
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s Pi qi
—n(s—=m =2+ %" " GCD(aj; bi. j,) + GCD(m, ).

i=1j1=1jx=1

Now (75) follows from (21) taking into account thatr =s + 1. O

Set

ai
Siji =aijy (1 —qi) — 1+ Z GCD(ai, j, bi, j,),
=1

1 <i<s, 1< j; < p;i. Using this notation we may rewrite formula (75) in the form

s Pi
~2g(A, B)=GCD(m,m) — 1+ 5 Y s . (76)
i=1j=1

Two lemmas below provide upper estimates for s; ;,, 1 <i <s, 1 < ji < p;.

Lemma 8.3. In the above notation for any fixed pair of indices i, j;, 1 <i <s, 1 < ji < pi, the
following statements hold:

(a) Ifthere exist at least three numbers b; j,, b; 1,, b; 1, 1 <11, 12,13 < g;, which are not divisible
by a; j, then s; j, < —2;
(b) If there exist exactly two numbers b; j,, b; 1,, 1 < 11,1 < g;, which are not divisible by a; ;,
then s; j, < —1 and the equality attains if and only if
GCD(al',jlb,‘,]l) = GCD(ai,jl bi,lz) = a,"jl /2; (77)
(c) If there exists exactly one number b; ;,, 1 <11 < g;, which is not divisible by a; j, then

Si i = -1+ GCD(ai,jlbi,ll ). (78)

Proof. If there exist at least three numbers b; ;,, b; 1,, bi1;, 1 < 11,12, 13 < g;, which are not
divisible by a; j, then we have

qi

sip=aij(1—q)—1+ Y GCD(ajbij,)+ Y GCD(aij bis)
=1 l1,a,03

RF#LL D,

<aij (1 —gi) =1+ (qi —3ai,j, +3aij,/2=—ai j /2 —1< 2.

If there exist exactly two numbers b; ;,, b; 1,, 1 <[, [ < g;, which are not divisible by a; j,
then we have

9qi
sijp=aij;(1—g)—1+ Z GCD(a;, j, bi, j,) + Z GCD(a;, j, bi 1))

'j2:] 11,1
R#ELDL

<aij (L —qi) — 1+ (g —2ai j, +aij/2+aij,/2=—1,
and the equality attains if and only if

GCD(CI,‘Jl bi,ll) = GCD(Cl,’yjl bi,lz) = a,;jl /2.
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Finally, if there exists exactly one number b; ;, which is not divisible by ¢; ;, then we have

4i
sih=aij;(1—g)—1+ Z GCD(a;, j, bi, j,) + GCD(a;, j, bi 1)

2=l
2#h

=a; j,(1 —gi) — 14+ (g; — Da; j, + GCD(a; j bi;) =—1+ GCD(a;, j bi ). O

Corollary 8.4. Let B be a polynomial of degree m such that the curve x" — B(y) =0 is irre-
ducible and of genus zero. Then

(a) The equality GCD(n, m) = 1 implies that there exists a polynomial v of degree 1 such that
B ov =7"R" for some polynomial R and r > 1 such that GCD(r, n) = 1;

(b) The equality GCD(n, m) =2 implies that n = 2 and there exists a polynomial v of degree 1
such that B o v = (1 — z%)S? for some polynomial S.

Proof. First of all observe that it follows from the irreducibility of x” — B(y) = 0 that among
the numbers by 1, b1 2, ..., b1 4, there exists at least one number which is not divisible by 7.

If GCD(m, n) = 1, then it follows from formula (76) that s; ; = 0, and Lemma 8.3 implies that
all the numbers by,1, b1 2, ..., b1 4, but one, say b 1, are divisible by n while GCD(n, b1 1) = 1.
Clearly, this implies that B o v = z" R" for some v, R, and r as above.

Similarly, if GCD(m, n) = 2, then it follows from formula (76) that s; | = —1 and Lemma 8.3
implies that all the numbers by 1, b1 2, ..., b1 4, but two, say by 1, b1 2, are divisible by n while
GCD(n, b1,1) = GCD(n, b1 2) = n/2. Since this implies that B = "% o W for some poly-
nomial W it follows now from the irreducibility of x” — B(y) = 0 that n = 2 and therefore
Bov=(1—2%5?for some v and S as above. O

Corollary 8.5. In the notation of Lemma 8.3 suppose additionally that

GCD(bi1. bin. ... big;) = 1. (79)

Then the following statements hold:

(@ sij, <0;

(b) s;i j, =0 if and only if either a; j, =1 or all the numbers b; j,, 1 < j» < gq;, except one are
divisible by a; j, ;

(¢) si,j, =—1ifand only if a; j, =2 and all the numbers b; j,, 1 < j» < q;, but two are even.

Proof. If a; j, =1 then s; j, =0 so assume that a; j, > 1. The assumption (79) implies that
among the numbers by 1, b12,..., b1 4, there exists at least one number which is not divisi-
ble by n. If there exists exactly one number b;;, which is not divisible by a; ;, then in view
of (79) necessarily GCD(a;, j, bi ;) =1 and hence s; j, = 0 by formula (78). If there exist ex-
actly two numbers b; ;,, b; 1,, 1 <11, > < g;, which are not divisible by a; j, then it follows from
Lemma 8.3 that s; ; < —1 where the equality attains if and only if (77) holds. On the other
hand, if (77) holds then necessarily a; j, = 2 since otherwise we obtain a contradiction with (79).
Finally, if there exist at least three numbers b; ,, b; 1,, bi 5, 1 <11,12,13 < gi, which are not
divisible by a; j, thens; j; < —-2by Lemma 8.3. O
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8.2. Polynomials with special values

In the notation above say that z;, 1 <i <'s, is a special value of B if
GCD(b,',l, bi’z, ey b,',qi) > 1.

It is easy to see that a polynomial P has a special value if and only if there exists ¢ € C such that
P — ¢ =z% o R for some polynomial R.
Say that z;, 1 <i <s, is a 1-special value (resp. a 2-special value) of B if all the numbers

bi1,bipa, ..., big

but one (resp. two) are divisible by some number d > 1.
Proposition 8.6. Let B be a polynomial. Then the following statements hold:

(a) B may not have two special values, or one special value and one 1-special value, or three
1-special values;

(b) If B has two 1-special values then s(B) =2, P(B) ={(1,2,...,2),(1,2,...,2)};

(¢) If B has one 1-special value and one 2-special value then s(B) = 2 and either P(B) =
{(1,1,2),(1,3)}or P(B) ={(1,2,2), (1,1, 3)}.

Proof. Set m = deg B. Suppose first that B has at least two 1-special values. To be definite
assume that these values are z1,z> and that all (b11,...,b14,) but by are divisible by the
number d; and all (b2,1, ..., b2 4,) but by 1 are divisible by the number d;. Then

m_bl,l m—b2,1
d; da

where the equalities attain if and only if by j =dj for 1 < j < gy and by j =d; for 1 < j < qo.
Furthermore, clearly

q <1+ , @ <1+ , (80)

)
Y ai<qi+a+—2m, 1)
i=1

where the equality attains if and only if (b; 1, ..., biq) =(1,1,...,1) for any i > 2. Finally, for
i =1,2 we have

m —b; 1 m—1

g <1+ ——= <1+ —— (82)
1
and hence
g1+g2<1+m, (83)

where the equality attains only if dj =2, d> =2, b1 =1, bp,1 = 1. Now (81) and (83) imply
that

ZQi SG—Dm+1. (84)
i=1

Since however in view of (74) in this inequality should attain equality we conclude that in all
intermediate inequalities should attain equalities. This implies that s(B) = 2 and
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(bl,la"'5b1,q1)=(1727--'72)7 (b2,15"'9b2,q1)=(1727~"72)'

In particular, we see that B may not have three 1-special values.
In order to prove the first part of the proposition it is enough to observe that if for at least one
index 1 or 2, say 1, the corresponding point is special then

< m < m
q1 X d] X ) .
Since this inequality is stronger than (82) repeating the argument above we obtain an inequality
in (84) in contradiction with (74).

Finally, assume that z; is a 1-special value while z; is a 2-special value. We will suppose that
all (by,1,...,b1,4,) but by are divisible by the number dy and all (b1, ..., b2,4,) but by 1, b2
are divisible by the number d>.

If m is odd then d; # 2. Hence, in this case dp > 3,

a <1+m_d—lb"‘<1+m7_l, qz<2+m_bi’i‘2_b2’2 <2+m3_2,
and, therefore,

g1+ q2 < 1 + o

6 6

If m > 5 then

m+qz<£+5—m<m+l.

6 6
Since combined with (81) the last inequality leads to a contradiction with (74) we conclude
that m < 5. It follows now from d; > 3 that necessarily m =5 and (b2,1, ..., b2 4,) = (1,1, 3).
Finally, since z; is a 1-special value of B we necessarily have (by,1,...,b1,4,) =(1,2,2).
Similarly, if m is even then d; > 3 and we have

a <1+m_d—lb“<1+m7_l, qz<2+m_b2[’;2_b2’2 <2+m2_2,
and

Q1 +q2 < > + S—m

3 6

If m > 4 then

é + 5_m <m+1

3 6
and as above we obtain a contradiction with (74). On the other hand, if m < 4 then d; > 3
implies that necessarily m =4 and (b1, ..., b1,4,) = (1, 3). Finally, clearly (b3 1,...,b2,4,) =
(1,1,2). O

8.3. Proof of Theorem 8.1. Part 1

First of all notice that if at least one of polynomials A, B has a unique finite branch point or
equivalently is of the form o z7 o v for some d > 1 and polynomials 1, v of degree one, then
it follows from Corollary 8.4 that either condition 1) or condition 4) of Theorem 8.1 holds. So,
below we always will assume that both polynomials A, B have at least two finite branch points.
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In this subsection we prove Theorem 8.1 under the assumption that at least one of polynomials
A, B does not have special values. Without loss of generality we may assume that this polynomial
is B. In other words, we may assume that for any i, 1 <i <s, equality (79) holds.

Case 1. Suppose first that GCD(n, m) = 1. In this case by formula (76) the condition g(A, B) =0
is equivalent to the condition

s Di
Z Z Si,j1 = 0. (85)

i=1 j1=1

In view of Corollary 8.5(a) this is possible if and only if s; j;, =0, 1 <i <s, 1 < j1 < p;.

Since A has at least two finite branch points, Corollary 8.5(a) and Corollary 8.5(b), taking
into account that B may not have more than two 1-special values by Proposition 8.6(a), imply
that A has exactly two branch points. Furthermore, it follows from Proposition 8.6(b) that P(B)
equals

{(1,2,2,...,2),(1,2,2,....2)}. (86)
Now Corollary 8.5(b) implies that

aij; <2, aj, <2, 1<ji<pi, 1< p<po. (87)
Since

pi+p=@6—-—Dn+l=n+1

and

P1 D2
darj+ Y arj =2

J1=1 J1=1

it follows from (87) that among a1 j,, a2 j,, 1 < j1 < p1, 1 < j2 < p2, there are exactly two
units and therefore P(A) equals either (86) or

[(1,1,2,...,2),2.2,2,....,2)}. (88)

Recall that for any polynomial P such that P(P) equals (86) or (88) there exist polynomials
w, v of degree 1 such that w o P ov =T, for some n > 1. A possible way to establish it is to
observe that it follows from 7},(cos z) = cosnz that T, satisfies the differential equation

(2 -1)=0)%P-1), yDh=L (89)

On the other hand, it is easy to see that if P(P) equals (86) or (88) and deg P = n then P satisfies
the equation

n*(y — A)(y — B) = (y)*(z — a)(z — b),

for some A, B,a,b € C with y(b) = A or B. Therefore for appropriate polynomials w, v of
degree 1 the polynomial p o P o v satisfies Eq. (89) and hence o P o v = T, by the uniqueness
theorem for solutions of differential equations.

Since P(B) equals (86) and P(A) equals either (86) or (88) the above characterization of
Chebyshev polynomials implies now that if GCD(n, m) = 1 then condition 2) holds.
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Case 2. If GCD(n, m) = 2 then the condition g(A, B) = 0 is equivalent to the condition that one
number from s; j,, 1 <i <5, 1 < ji < p;, equals —1 while others equal 0.

Since A has at least two branch points, Corollary 8.5(b) and Corollary 8.5(c), taking into
account that if B has two 1-special values, then B does not have 2-special values by Proposi-
tion 8.6(b), imply that A has two branch points and B has one 1-special value and one 2-special
value. Therefore, by Proposition 8.6(c), P(B) equals either

{(1,2,2),(1,1,3)} (90)

or

{(1,3), (1, 1,2)}. 91)

Furthermore, since the assumption GCD(n, m) = 2 implies that deg B is even we conclude that
P(B) necessarily equals (91). It follows now from Corollary 8.5(b) and Corollary 8.5(c) that
for any ji, 1 < ji < p1, the number ay j, equals 1 or 3 and the partition (az,1,a2,2,...,a2, p,)
contains one element equal 2 and others equal 1.

Denote by o (resp. by B) the number of appearances of 1 (resp. of 3) in the first partition
of P(A) and by y the number of appearances of 1 in the second partition of P(A). We have

oa+38=n, 2+4+y=n,
and, by (74)

a+p+y=n. (92)

The second and the third of the equations above imply that o + 8 = 2. Hence the partition
(a1,1,a2.,...,a1,p,) is either (1, 3) or (3, 3) and y =n — 2 implies that either

P(A)=P(B) ={(1,3),(1,1,2)} (93)

or

PA)={@(3.3). (2, 1,1,1, D} (94)

Observe now that for any polynomial R for which P(R) equals (91) the derivative of R has
the form R’ = c(z — a)z(z —Db), a, b, ¢ € C. Therefore, there exist polynomials w, v of degree 1
such that

MoROV=/12z2(z—1)dz=3z4—4z3.

Since A and B have the same set of critical values this implies in particular that if (93) holds,
then A = B o A for some polynomial A of degree 1 in contradiction with the irreducibility of the
curve A(x) — B(y) = 0. On the other hand, it is easy to see that if equality (94) holds, then there
exist polynomials u, v, vo of degree 1 such that

Mvovlz(z2—1)3, MoBov2=3z4—4z3.

Therefore, if GCD(n, m) = 2, then condition 5) holds.
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8.4. Proof of Theorem 8.1. Part 2

Suppose now that both polynomials A and B have special values. Then by Proposition 8.6(b)
each of them has a unique special value. The special values of A and B either coincide or are
different. If they are different then

A=(N+p1)oA, B=(z"+8)0B, (95)

for some 81, B2 € C, B1 # B2, and dy, dy > 1. Since the pair A, B is irreducible and g(A, B) =0
the pair Ag = 7z + B1, Bo = z%2 + B is also irreducible and

8(Ao, Bo) =0. (96)

Formula (75) implies that

—2g(Ao, Bo) =di +dy — di1da + GCD(dy, d2) — 2. o7

If GCD(d;,d>) = 1, then (96) is equivalent to the equality (d; — 1)(1 — d») = 0 which is
impossible. On the other hand, if GCD(d1, dz) = 2, then (96) is equivalent to the equality
(di — 1)(1 — d») = —1 which holds if and only if d| =dp =2.

Repeatedly using Theorem 3.5 and Corollary 4.1 we can find polynomials P, Q, U, V such
that

A=PoU, B=QoV, degP=degQ,
and the pair U, V is irreducible. Setting
Aj=Ago P, Bi=ByoQ 98)

we see that equality (67) holds. Furthermore, equivalence (68) is impossible since otherwise
A1 = Bj o for some polynomial p of degree 1 and it follows from Corollary 4.5 and equali-
ties (98) that A9 = Bg o v for some polynomial v of degree 1 in contradiction with the irreducibil-
ity of the pair Ag, Byp. Now using the same reasoning as in the proof of Theorem 7.2 and taking
into account that the pair Ag, By is irreducible we conclude that condition 3) holds.

In the case when the special values of A and B coincide we can assume without loss of
generality that

A:zdloU, B:zdzoV, 99)

where

d1 ZGCD(al’l,alﬁz, e ’al,m) > 1, d2 =GCD(b1,1,b1,2, .. '7b1,Q|) > 1,

and

GCD(;,d2) =1 (100)

in view of the irreducibility of the pair A and B. Notice that, since A and B have at least two
critical values, the inequalities p; > 2, g1 > 2 hold. Finally, without loss of generality we may
assume that m = deg B is greater than n = deg A. We will consider the cases GCD(d1, m) =2
and GCD(dy, m) = 1 separately and will show that in both cases there exist no irreducible pairs
A, B with g(A, B) =0.



728 F. Pakovich / Bull. Sci. math. 133 (2009) 693-732

Case 1. Suppose first that GCD(d;, m) = 2. Then necessarily GCD(n, m) = 2 and, since
xi — B(y)=0 (101)

is an irreducible curve of genus zero, Corollary 8.4 implies that d; = 2 and all the numbers
bi1,1,b12,...,b14, but two, say by 4,1, b1,4,, are even while by 4, _1, b1 4, are odd. Since by
the assumption each ay_j,, 1 < ji < py, is divisible by dy = 2, this implies in particular that for
each ji, 1 < ji < p1,

GCD(ay,j,b1,4,-1) < ayj, /2, GCD(ay,j, b1,q,) <a1,j,/2.
Returning now to polynomials A, B we conclude that for each ji, 1 < ji < pq,
q1—2
S1,j, =4at, j 1—-q) -1+ Z GCD(alebl,jz) + GCD(al,jlblyqlfl) + GCD(al,jlbl,ql)
Jj2=1
<aij (1 —q1) —1+ay,(q1 —2) + GCD(ay, j, b1,q,—1) + GCD(a1 j, b1,q,)
<—ayj, —1+ay;/2+aj/2<~-1.

Since p1 > 2 and by Corollary 8.5(a) for any i, 1 <i <s, and j 1 < j; < p;, the inequality
si,j; < 0 holds it follows now from formula (76) that g(A, B) < 0.

Case 2. Similarly, if GCD(d;, m) = 1 then Lemma 8.4 applied to curve (101) implies that
each by j,, 1 < ji < q1, except one, say by 4, is divisible by d; while GCD(b; 4,,d1) =1 and
returning to A, B and taking into account that each ay;, 1 < j1 < p1, is divisible by d; we
obtain that

q1—1
sty =ay;(I—q)—1+ Z GCD(ay,j, b1, j,) + GCD(ay, j, b1,4,)
=1
< —1+GCD(ay,j,b1,4)) < —1+ay,j /d. (102)
Hence,
pi
Z s1,j S —p1+n/di. (103)
Ji=1

Furthermore, since each by j,, 1 < j» < q1, except one is divisible by dy, each by j,,
1 < j» < q1, is divisible by d», and equality (100) holds we have

(g1 —Ddidy +dp <m
and therefore

q1 < 14+m/did, — 1/d;.
Since by (74) the inequality

qr+qgi=zm+1 (104)
holds for any 7, 2 < i < s, this implies that

gi >m—mjdidy+1/d;. (105)
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Denote by y;, 2 <i < s, the number of units among the numbers b; j,, 1 < j> < g;. Since the
number of non-units is < m/2 the inequality y; > ¢; — m/2 holds and therefore (105) implies
that

Vi =m/2 —m/didy + 1/d. (106)

Forany i, ji, 2<i <s, 1 < ji < p;i, we have

siog Lai i (I—g)—1+a; (g —vi)+vi=0—-y)aj —1). (107)

Since this implies that

pi pi
Yosiii=0=v) Y (@i — D<A =y)n—p) (108)

Jj1=1 j1=1
it follows now from (106) that

Pi
3 sig < (1= 1/dy +m(1/didy — 1/2)(n — po).
j1=1

Therefore, using (74) we obtain that

s pi
Yo s <(1=1/di+m(1/dids = 1/2))(p1 = D). (109)

i=2 ji=I
Set
s Pl
S = Z Z Si,ji-
i=1 j1=1
Since GCD(n, m) = 1 or 2 it follows from formula (76) that in order to finish the proof it is
enough to show that § < —1.
Since pp > 2 it follows from (103), (109) that
S<—pi+n/di+ (1 —1/dy +m(1/d\d2 — 1/2))(p1 — 1)
1—1
P mdidy = 1/2)(p1 = )
<—1+n/di+m/didy —1/2)(p1 — 1). (110)

=—1+n/d —

If p1 > 3 then it follows from (110), taking into account the assumption m > n and the in-
equality 1/djdy — 1/2 < 0, that

S < —1+n(1/dy +2/d\d> — 1).

Since 1/d; +2/d1dy — 1 < 0 for any dy, d > 2, this implies that S < —1.
If p1 =2 then (110) implies that

S<—1+n(/dy+1/didy — 1/2).

Since 1/dy + 1/d1dy — 1/2 < 0 whenever d; > 2 we obtain that § < —1 also if p; =2 but
d1 > 2.
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Finally, if p1 =2, di =2 but m > (3/2)n, then it follows from equality (110) that
S<—-14+n3/4d, — 1/4).

Since d; = 2 implies dp > 3 in view of (100), we conclude again that S < —1.

Therefore, the only case when the proof of the inequality S < —1 is still not finished is the one
when p; =2,d; =2, and n < m < (3/2)n. In this case apply the reasoning above to A and B
switched keeping the same notation. In other words, assume that g; =2, d» =2, and

2n/3 <m < n. (111)
Then by (104) we have g; > m — 1 for any i, 2 < i < s. Therefore, corresponding partitions of m
are either trivial or have the form (1, 1, ..., 1,2) and hence

yizm—2, 2<i<s. (112)

It follows now from (108), (112), (74), and (111) that

s pi
DD s <G=m)(pr—1) <G =2n/3)(p1—1)<3-2n/3. (113)

i=2 ji=1

Since dr = 2 implies d| > 3 in view of (100), it follows now from (113) and p; > 2 that
S<—p1+n/di+3-2n/3<1+n/di —2n/3<1—n/3.

If n > 6 then this inequality implies that S < —1. On the other hand, the inequality n < 5 is
impossible since otherwise equalities (99), (111), and p; > 2 imply that di = d» = 2 in contra-
diction with (100).

In order to finish the proof of Theorem 8.1 it is enough to notice that for any choice of A, B
in conditions 1)-5) the curve

A(x)—B(y)=0 (114)

is indeed irreducible. For cases 1) and 2) this is a corollary of Proposition 3.1. For case 3) this was
proved in the end of the proof of Theorem 7.2. In case 4) corresponding curve (114) is irreducible
since otherwise Corollary 4.2 would imply that there exists a polynomial 7 such that B=7z20T
in contradiction with B = (1 — z2)S2. Finally, since B in 5) is indecomposable it follows from
Corollary 4.2 taking into account Corollary 4.1 that corresponding curve (114) is irreducible.

9. Proof of Theorem 1.1

Since the description of double decompositions of functions from R, reduces to the corre-
sponding problem for Laurent polynomial and any double decomposition of a Laurent polyno-
mial is equivalent to (8), (9), or (10), the first part of Theorem 1.1 follows from Theorem 6.4,
Theorem 7.2, Theorem 8.1 and Lemma 6.1. The proof of the second part is given below.

Theorem 9.1. The class R, is a Ritt class.
Proof. We will use Theorem 5.1 and the first part of Theorem 1.1. First observe that the first part

of Theorem 1.1 implies that if Ao C = B o D is a double decomposition of a function from R
such that C, D are indecomposable and there exist no rational functions A, B, U, degU > 1,
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such that (44) holds then there exist automorphisms of the sphere 1, W and rational functions
A, é é D such that one of conclusions of Theorem 1.1 holds. Moreover, it was shown above
that in cases 1)-3) and 6) the pair A, B is irreducible.

Observe now that in case 4) the pair A, B is also irreducible. Indeed, since GCD(n,m) =1,
it follows from the construction given in Section 2.2 that for the pair f = A, g = B the permuta-
tion §;, 1 <i < r, corresponding to the loop around the infinity contains two cycles. Therefore,
if the pair A B is reducible, then o( f, g) = 2 and both functions /41, h> from Theorem 2.2 have
a unique pole. On the other hand, the last statement contradicts to the fact that h; = Bo v,
hy = Bo vy for some rational functions vy, v since B has two poles.

Finally, as it was observed in the end of the proof of Theorem 7.2, in case 5) the pair A, B is
reducible whenever [ > 2. Since in this case C and D are decomposable unlessn =1, m =1, it
follows now from Theorem 5.1 that in order to prove the proposition it is enough to check that
for any choice of maximal decompositions

—Tj=ugqouq—10---ouy, Ti=viov-10---0vy,

the decompositions

udoud_lou-oulol(ez—i—i), vlov1_10~~-ovlol(z+l>, (115)
2 £z 2 z
where &/ = —1, are weakly equivalent.

Since T} = Ty o T} 4 for any d|l, it follows from Corollary 4.5 that any maximal decomposition
of 7; is equivalent to 7; = Ty, o Ty, o --- o Ty, where dy, d>, . .., d; are prime divisors of / such
that dy d, - - - dg = I. Taking into account that for d > 1

1 1\ 1 N
ljo-|lz4+-)==(z24+-)o
d ) Z B B Z p ,

this implies easily that both decompositions (115) are weakly equivalent to some decomposition
of the form

1 1
—<z+—)ozd‘ozd20~-~ozd“. O
2 z
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