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Let A be a rational function. For any decomposition of A into a composition of rational
functions A = UoV therational function A = VoU is called an elementary transformation
of A, and rational functions A and B are called equivalent if there exists a chain of ele-
mentary transformations between A and B. This equivalence relation naturally appears
in the complex dynamics as a part of the problem of describing of semiconjugate rational
functions. In this paper we show that for a rational function A its equivalence class [A]
contains infinitely many conjugacy classes if and only if A is a flexible Lattés map. For
flexible Lattés maps L = L; induced by the multiplication by 2 on elliptic curves with
given j-invariant we provide a very precise description of [L]. Namely, we show that any
rational function equivalent to £; necessarily has the form L; for some j' € C, and that
the set of j' € C such that L; ~ L; coincides with the orbit of j under the correspondence

associated with the classical modular equation ®,(x,y) = 0.

1 Introduction

Let B be arational function of degree at least two. The function B is called semiconjugate

to a rational function A if the equality
AoX=XoB (1)
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1922 F. Pakovich

holds for some rational function X. In case if X is invertible, A and B are called conjugate.
In terms of dynamical systems, condition (1) means that the dynamical system A°F,
k > 1, on CP! is a factor of the dynamical system B°*, k > 1. The semiconjugacy is not
a symmetric relation. However, if B is semiconjugate to 4, and C is semiconjugate to B,

then C is semiconjugate to A, since equalities (1) and Bo W = W o C imply the equality
AoXoW)y=XoW)oC.

In the recent paper [10] equation (1) was investigated at length. Roughly speak-
ing, the main result of [10] states that (1) holds in two cases. In the first case, the
corresponding functions A and B are either Lattés maps, or functions which can be
considered as analogues of Lattés maps related to automorphism groups of CP! instead
of automorphism groups of C. In the second case, the functions A and B do not pos-
sess any special properties, however they are equivalent with respect to an equivalence
relation ~ on the set of rational functions defined as follows. For any decomposition
A = U o V, where U and V are rational functions, the rational function A=VoUis
called an elementary transformation of A, and rational functions A and B are called
equivalent if there exists a chain of elementary transformations between A and B. For
a rational function A we will denote its equivalence class by [A].

The connection between the relation ~ and semiconjugacy is straightforward.

Namely, for A and A as above we have:
AoV=VoA, and AoU=UoA4,

implying inductively that whenever A ~ B there exists X such that (1) holds, and there
exists Y such that

BoY =YoA.

Therefore, if A ~ B, each of the dynamical systems A% k> 1,and B°*, k > 1,is afactor of
the other one, meaning that these systems have “similar” dynamics. Furthermore, since

for any invertible rational function W the equality
A=AoW)oW™!

holds, each equivalence class [A] is a union of conjugacy classes. Thus, the relation ~
can be considered as a weaker form of the classical conjugacy relation.

The main result of this article is the following statement.
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Theorem 1.1. Let F be a rational function. Then its equivalence class [F] contains

infinitely many conjugacy classes if and only if F is a flexible Lattés map. O

Simplest examples of flexible Lattés maps are rational functions £ induced by

the multiplication by 2 on elliptic curves. Such a function can be defined by the equality
9 2z) =Lop(2), (2)

where p (z) is the Weierstrass function associated with some lattice M of rank two in C.
Two such functions corresponding to lattices M and M’ are conjugate if and only if the
elliptic curves C/M and C/M’ are isomorphic. So, abusing the notation, we will denote
by L; any Lattés map induced by the multiplication by 2 on an elliptic curve with given
j-invariant.

In order to describe conjugacy classes in [£;] it is convenient to use the notion of
correspondence F associated with an affine algebraic curve F(x, y) = 0. By definition, for
Xp € C an image of x, under ¥ is any point y, € C such that F(xo, yo) = 0. More generally,
yo € C is an image of x, € C under the kth iteration of JF if there exists a sequence
Xo,X1,..., Xk = Yo such that (x;_1,%;),i=1,...k,is a point on F(x,y) = 0. Considering the
totalities of all images and preimages of a point x, we can define its forward, backwards,
and full orbit under . If F(x,y) is symmetric, that is F(x,y) = F(y, x), all these orbits
coincide, so we can use simply the term orbit.

In the above notation, our main result about [£;] is following.

Theorem 1.2. Any rational function equivalent to £;, j € C, has the form Ly, j/ € C.
Furthermore, the set of j' € C such that £L; ~ L coincides with the orbit of j under the

correspondence associated with the classical modular equation ®,(x,y) = 0. O

Notice that although the expression for the curve ®,(x,y) = 0 is quite bulky it
has a very simple parametrization by rational functions which goes back to Klein [2],
implying that £L; ~ L; if and only if j and j* are in the same orbit of the multivalued

function
1 -1
F=Bo—-0pB7}, (3)
z
where § is a rational function of degree three,

(z+4)?

plz) =64
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The article has the following structure. In the second section we show that the
condition A ~ B implies that A and B are isospectral, and deduce the “only if” part of
Theorem 1.1 from the fundamental result of McMullen [4] about isospectral rational
functions. In the third section we relate functional decompositions of flexible Lattes
maps with isogenies between elliptic curves, and prove the “if” part of Theorem 1.1.
Finally, in the fourth section we describe explicitly all functional decompositions of L;

and prove Theorem 1.2.

2 Equivalence and Isospectrality

Let F be a rational function. Recall that two decompositions of F into compositions of
rational functions F = UoV and F = U'o V' are called equivalent if there exists a Mobius

transformation u such that
U=Uopu, V=u'loV.

Clearly, elementary transformations corresponding to equivalent decompositions are
conjugate. Since equivalence classes of decompositions of F are in a one-to-one corre-
spondence with imprimitivity systems of the monodromy group Gr of F, this implies in
particular that the number of conjugacy classes of rational functions obtained from F
by elementary transformations is finite, and that the number of conjugacy classes in [F]
is at most countable.

Recall that a rational function A is called a flexible Lattés map if there exist an

elliptic curve € and morphisms ¢ : € — € and 7 : € — CP! such that the diagram

c £ e

ln ln (4)

cPt —2 - CP,
commutes, 7 has degree two and satisfies 7(z) = 7(—z), and ¢ = nz+ 8, where n € Z and
B € C (see [14, Section 6.5] and [6]). In fact, 8 necessarily satisfies the condition 28 = 0 on
C. Moreover, changing 7 (z) to n'(z) = n(z + B), we see that the condition 7'(z) = n'(—2)
still holds, while (4) holds for ¢’ = nz + g/, where 8’ = ngS. Thus, if n is even, we may
assume that 8 = 0. The complex structure of € is completely defined by the conjugacy
class of A, that is, if A’, ¢, n’, ¢’ is another collection as above and A is conjugate to 4,
then C is isomorphic to €' (see e.g., [14, Theorem 6.46]). Abusing the notation, we will

denote by A; any Lattés map satisfying (4) for C with given j-invariant.
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Recomposing Rational Functions 1925
Assuming that C is written in the Weierstrass form
C:y’=x>+ax+Db, a,beC, (5)
a prototypical example of a Lattés map is obtained for ¢ = 2z and n(x,y) = x. In this
case,

ozt - 2az* — 8bz + a?

A= 6
4z3 +4az + 4b (6)

Notice thatif M is alattice of rank two in C such that € = C/M and g (z) is the correspond-
ing Weierstrass function, then the function A is defined by the condition g (2z) = Aoy (2).
For C given by (5), A = A;, where

4q®

= 1728— %
J 4a® + 27b?

Let F be a rational function of degree d. By definition, the multiplier spectrum
of F is a function which assigns to each s > 1 the unordered list of multipliers at all
d® + 1 fixed points of F** taken with appropriate multiplicity. Two rational functions
are called isospectral if they have the same multiplier spectrum. For example, all the
functions from family (6) have the same multiplier spectrum (see e.g., [14, Example 6.49]).
Nevertheless, by the following result of McMullen such a situation is exceptional (see
[4, 6, 14]).

Theorem 2.1 (McMullen). The conjugacy class of any rational function F which is not a

flexible Lattés map is defined up to finitely many choices by its multiplier spectrum. O

The equivalence ~ and the isospectrality are closely related as the following

lemma shows.

Lemma 2.1. Let U and V be rational functions. Then the rational functions U o V and

V o U are isospectral. d
Proof. Since the equality

(U o V) (20) = 2o
implies the equality

(VoU)lz) =z,
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where z; = V(z), the function ¥V maps periodic points of U o V to periodic points of
V o U. Furthermore, the period of z, divides the period of z,. Similarly, U maps periodic
points of V o U to periodic points of U o V. Since the composition U o V maps bijectively
periodic points of U o V of period [ to themselves, this implies that V maps bijectively
periodic points of U o V of period [ to periodic points of V o U of period .

Further, since by the chain rule
(U o V) (20) = (U o V)" 0 U (21) 0 V'(20)
and
(Vo)) (z1) =V'(Uo V) o U)(z1) o (Uo V) oU)(z:)),
it follows from
(Uo V) oU)(z1) =20
that
(U o V) (20) = (Vo U)* (21).

Finally, observe that the multiplicity of a fixed point z, of (U o V) equals the
multiplicity of the fixed point z, = V(z,) of (V o U)®. Indeed, since the multiplicity
of a fixed point is an analytic invariant (see [1, Proposition 7]), this is true whenever
V'(25) # 0. On the other hand, if V'(z,) = 0, then (U o V)Y (zy) = 0 and (Vo U)°)'(z;) =0,

implying that both multiplicities under consideration are equal to one. |

Corollary 2.1. Let A and B be rational functions such that A ~ B. Then A and B are

isospectral. O

Proof. By definition, A ~ B if B is obtained from A by a chain of elementary transfor-
mations. On the other hand, any such transformation leads to an isospectral function
by Lemma 2.1. |

It is clear that the McMullen theorem combined with Corollary 2.1 proves the
“only if” part of Theorem 1.1. Notice however that the number of conjugacy classes in
an equivalence class [F] can be arbitrary large (see [10]). The proof of the “if” part of

Theorem 1.1 is given in the next section.
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Notice that isospectral A and B are not necessary equivalent. Say, all functions
(6) cannot be equivalent since any equivalence class contains at most countably many
conjugacy classes. Nevertheless, to our best knowledge all known examples of isospec-
tral rational functions are obtained either from flexible Lattés maps, or from rigid Lattes
maps (see [4, 6, 14]), or else from elementary transformations. Thus, it is still possible
that if A and B are not Lattés maps, then the fact that A and B are isospectral implies
that A ~ B. A comprehensive description of relations between the isospectrality and the
equivalence ~ seems to be a very interesting problem.

Notice also that if A is a polynomial, then the finiteness of [A] can be established
without using the McMullen theorem; see Corollary 5.8 in [11], and also the article [5]
using the notion of “skew twist equivalence” which essentially coincides with the equiv-
alence ~ in the setting considered here. The approach of the article [5] is based on the
theory of decomposition of polynomials developed by Ritt [12], while the method of
[11] relies on the results of [9] about polynomials sharing preimages of compact sets.

However, methods of both these articles are restricted to the polynomial case only.

3 Proof of Theorem 1.1

Consider first flexible Lattés maps A = A; defined by the diagram

e 25 ¢

ln ln (7)

A

CP! —— CPM

where n € Z. In order to prove that [A4;] contains infinitely many conjugacy classes we
will use the relation between functional decompositions of A; and isogenies between
elliptic curves. We start from recalling some basic definitions and results concerning
isogenies and the modular equation. Abusing the notation, below we will use the symbol
J in two possible meanings: for a value of the elliptic modular function j(r) of weight
zero for SL(2,Z) on the upper half-plane H, and for a value of the j-invariant of elliptic
curve ¢ = C/L,, where L, is a lattice in C generated by 1 and = € H.

Let € and € be elliptic curves over C. An isogeny between C and €is anonconstant
morphism ¢ : € — € which sends the identity element of the group € to the identity
element of the group C.Such a morphism is necessarily a homomorphism of groups. A
kernel I' of a non-zero isogeny ¢ : C — Cisa subgroup of finite order in €, and for any
subgroup of finite order I" there exists a unique isogeny ¢ : € — € such that ker v =T.

For any elliptic curve € and integer n the multiplication by n on C projects to an isogeny
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[n] : € — € of degree n? with the kernel consisting of points whose order divides n.
Furthermore, for any isogeny v : € — € of degree n there exists a unique dual isogeny
IZ : @ — € such that

Yoy =[n] (8)
on G, and
Yoy =[n] 9)

on € (for the proofs of the above facts see e.g., [13, Chapter III]). An isogeny whose kernel
is a cyclic group of order n is called n-cyclic.

Below, we mostly will consider specific n-cyclic isogenies defined as follows.
Let C; = C/L, be an elliptic curve and n an integer. Then the multiplication by n on C

projects to an n-cyclic isogeny
'(//n . (‘31 —> ez, (10)

where €, = C/L,,. The dual isogeny

o~

Yn: G — € (11)

is the projection of the identical map on C.

There exists a polynomial in two variable
C,(x,y) =0 (12)

with integer coefficients, called the modular equation, having the following property:
if €; and G, are two elliptic curves with j-invariant j; and j,, then an n-cyclic isogeny
C; — @, existsif and onlyif (j;,j.) is a point of curve (12) (see [3, Chapter 5]). In particular,
since (10) is an n-cyclic isogeny between elliptic curves with j-invariants j(r) and j(nrt),

for any t € H the equality
®,(j(r),j(nt)) =0 (13)

holds.

Let Cbe anelliptic curve and A = A; a Lattés map satisfying (7). Further, letI" be a

subgroupofCand ¢ : € — Can isogeny such thatker ¢ = I". Since ¢ is a homomorphism,
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Recomposing Rational Functions 1929

the equality ¢ (—x) = —¢¥(x) holds, implying that there exists a rational function Vi such
that the diagram

vr

CP! —— CP!

commutes. Similarly, for the dual isogeny 1? : € — C there exists a rational function Ur

such that the diagram

Ur

CP! —— CP!

commutes. Thus, to any subgroup I" of € corresponds a decomposition

Aj =UroVr. (14)
In particular, the equality

Vn 0 Yo = (1]
gives rise to a decomposition

A;j=U, oV, (15)

Notice that explicit expressions for Ur and Vi can be deduced from Vélu’'s formulas for
isogenies ¥ : € — € with given € and ker ' (see [15]).

Equality (9) implies that an elementary transformation of A; corresponding to
decomposition (14) also is a flexible Lattés map A;, where j’ is j-invariant of €. Further-
more, if I' is a cyclic group of order n, then the corresponding values of j* are described
by the condition that (j,j) is a point of (12). Clearly, in order to prove that [A4;] has infin-
itely many conjugacy classes it is enough to prove that we can obtain infinitely many
conjugacy classes using chains of elementary transformations arising from decomposi-
tions (15) only. Moreover, since conjugate Lattés maps correspond to isomorphic elliptic
curves and isogeny (10) corresponds to the point (j(r),j(nt)) on (12), it is enough to show

that for any 7 € H the sequence j(n*r) takes infinitely many values.
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In order to prove the last statement recall that the Fourier expansion for j(r) in

g = e is
Jj(@) = cl; + 744 4196884 + - - - .
Further,
g = e 50, as k — oo,
since J(r) > 0. Therefore,
jn*r) = 0o, as k — oo,

implying that j(n*r) takes infinitely many distinct values. This proves the “if” part of
Theorem 1.1 for Lattés maps A given by (7).

Consider now flexible Lattés maps A = le defined by the diagram

nz+p

C ¢

ln ln (16)

cp —4 5 Cp!,

where n € Z is odd and B is a point of order two on C. For ¢ € C set ¢, = z + c. Since
28 =0 and n is odd,

nz+pf =nzogys (17)

on C. Further, since ¢3(—z) = —¢4(2) on C, there exists a Mébius transformation p which

makes the diagram

cp! — - CP!

commutative. Therefore, the Lattés map A= le and the Lattés map A = A; defined by
diagram (7) are related by the equality

Z]'ZAJ'O[,L, (18)

where u is a M6bius transformation.
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Clearly, an elementary transformation A; — A; corresponding to decomposition
(15) induces an elementary transformation
U,oVyou— Vyouol, (19)
of Zj. Moreover, since the composition

U %
e, e, 2 e,

equals the composition

¢ i
c, 28 e, % e,

and ¢ns(—2) = —@,s(2) on C;, considering the commutative diagram

[
e, —y ¢ L, e I, e

lnz lnl lnl lﬂz

Un n_, CP!

crt —— CP! —— CP!

we see that
(Vwou)oUy, = VnOUnOM/r

where ' is a M6bius transformation satisfying

Ynp

C, C,
lnz lnz
cPt —“ Cp.
Thus, if A; — Aj is the elementary transformation corresponding to decomposition (15),

then the elementary transformation of le in the right part of (19) is a Lattés map le/

defined by the diagram

nz+p’

Gy G,
[ |

cr -2, cp,
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where B/ = npf is a points of order two on C,. Therefore, a chain of elementary

transformations
Aj—> Aj > Aj, — ...

with infinitely many different j arising from decompositions (15) induces a similar chain
LA —4, ...

This finishes the proof of Theorem 1.1.

4 Decompositions of L;

In this section, we provide some explicit formulas illustrating constructions from the
previous section in the simplest case where considered Lattés maps are defined by the

diagram

C N ¢

ln ln (20)

cpr —* cp,

and prove Theorem 1.2. In order to reduce the number of parameters, we will write

elliptic curves in the Legendre form
& :yt=x(x—1x-21), xreC\{0,1}. (21)

When working with the explicit expression for L = £; we will use the notation

P S )
YT Aaz@-1)(z-N
So, L, = L;, where
. (A2 —A+41)3
=256—
I W —1)?

The next result describes explicitly all equivalence classes of decompositions of L;.

Theorem 4.1. Any decomposition of L, into a composition of rational functions of

degree greater than one is equivalent to one of the following decompositions

1 z22—-4A A
LX(Z):(Z—Z_)\’_l)o(Zdl—E)
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12°42z+1 1-2

no= (350 ) (1) 122
12242z + 22 22—

o=z 721 )°UVTz=x)

These decompositions are not equivalent and have form (14), where I' runs over cyclic

subgroups of order two in C. 0

Proof. Recall that equivalence classes of decompositions of a rational function F are
in a one-to-one correspondence with imprimitiivity systems of the monodromy group
Gr of F. Namely, if z, is a non-critical value of F, and G is realized as a permutation
group acting on the set F~!{z,}, then to an equivalence class of a decomposition F =
U oV, corresponds an imprimitivity system of Gr consisting of d = deg A blocks V!{¢;},
1 <i<d,where {t;, ts,...,tq} = U {z,).

It is clear that for any decomposition L, = U o V with degU > 1, degV > 1
the equalities deg V = 2, deg U = 2 hold. Therefore, if ¢ is a non-critical value of L, (z)
and Gy, is realized as a permutation group acting on L;'{c} = {20, 21, Z,, 23}, then to each
equivalence class of decompositions of L, corresponds a block of size two containing
the point zy, say. Since there might be at most three such blocks, namely, {z, 21}, {20, 22},
and {zg, z3}, there exist at most three non-equivalent decompositions of L,.

Prove now that the decompositions
L,=C;oD;, 1i=1,2,3,
given by formulas (22) are not equivalent. Since the set
L;'{oo} = {00,0,1,1}

consists of four different points, the point ¢ = co is a non-critical value of L, and we can

assume that G, acts on the set L;'{oo}. Furthermore,
CI_I{OO}Z{)L+1,OO}, Cz_l{oo}:{)"_lloo}l C;I{OO}:{].—)\,,OO},

implying that the blocks containing the point z; = oo of the corresponding imprimitivity

systems are
{0,00}, {1,00}, {A,00}. (23)

Since these blocks are different, decompositions (22) are not equivalent.
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Similarly, decompositions (14), where I" runs over cyclic subgroups of order two,
are not equivalent, and in fact reduce to decompositions (14). Indeed, since any element
of the function field of €, has the form p(x) + g(x)y, where p and g are rational functions,
it follows from 7 (—z) = 7(z) and deg 7w = 2that 7 = puox for some Mébius transformation
7. Thus, without loss of generality we may assume that 7 = x. Since 7 maps the unit
element of € to infinity, it follows from (20) that 7 is a bijection between points of order
two on C and the set L; ' {oo}, implying that the blocks containing z, = oo corresponding
to decompositions (14) are exactly the sets listed in (23), that is the blocks corresponding

to decompositions (22). |

Notice that the images of the isogenies corresponding to left parts of decom-
positions (22) do not have Legendre form (21). Therefore, elementary transformations
corresponding to decompositions (22) are not equal to functions L, (z) but only conjugate

to such functions.

Corollary 4.1. Any elementary transformations of the function £;, j € C, has the form

L, j € C, where values of j' are defined by the condition ®,(j,j) = 0. O

Proof. Indeed, if L, = U o V is a decomposition such that one of the functions U and
V is invertible, then the corresponding elementary transformation leads to a function
conjugate to L,. On the other hand, any decomposition of L, into a composition of rational

functions of degree greater than one is equivalent to one of decompositions (22). |

Clearly, Corollary 4.1 implies Theorem 1.2. Furthermore, since the modular

equation ®,(x,y) = 0 is given by the equation

—X2y2—{—X3+y3—|—24'3'31XY(X+Y)+34'53'4027Xy

—24.3*.53(x? 4+ yH +28.3" .55(x4+y)—2'2.39.5°=0 (24)

and can be parametrized by the rational functions

i+ 4)3 i +4)2° 1
4(14;2) 40f)o_

.

x=06
J? J

, y =6

the correspondence F associated with (24) has form (3).

6102 AB\ €1 U0 Jasn Alelqi] suuely - AlIsIaAlun uouns) uag Aq Z9zZZ801/1Z61/./6 L 0Z0BASe-8o1Le/uiwWI/Wwod dno-olwapeae//:sdiy Woll papeojumo(]



Recomposing Rational Functions 1935

References

[1] Buff, X. and A. Epstein. “A parabolic Pommerenke-Levin-Yoccoz inequality.” Fund. Math.
172, no. 3 (2002): 249-89.

[2] Klein, F. “Ueber die Transformation der elliptischen Functionen und die Auflésung der
Gleichungen fiinften Grades.” Math. Ann. 14 (1879): 111-72.

[3] Lang, S. Elliptic Functions. Graduate Texts in Mathematics 112. New York: Springer, 1987.

[4] McMullen, C. “Families of rational maps and iterative root-finding algorithms.” Ann. Math.
125, no. 3 (1987): 467-93.

[5] Medvedev, A. and T. Scanlon. “Invariant varieties for polynomial dynamical systems.” Ann
Math. 179, no. 1 (2014): 81-177.

[6] Milnor, J. On Lattés maps. In Dynamics on the Riemann Sphere. A Bodil Branner Festschrift,
edited by P. Hjorth and C. L. Petersen, 9-43. European Mathematical Society, 2006.

[71 Muzychuk, M. and F. Pakovich. “Jordan-Holder theorem for imprimitivity systems and
maximal decompositions of rational functions.” Proc. Lond. Math. Soc. 102, no. 1 (2011):
1-24.

[8] Milnor, J. Dynamics in One Complex Variable. Princeton Annals in Mathematics 160.
Princeton, NJ: Princeton University Press, 2006.

[9] Pakovich, F. “On polynomials sharing preimages of compact sets, and related questions.”
Geom. Funct. Anal. 18, no. 1 (2008): 163-83.

[10] Pakovich, F. “On semiconjugate rational functions.” Geom. Funct. Anal. 26, no. 4 (2016):
1217-43.

[11] Pakovich, F. “Polynomial semiconjugacies, decompositions of iterations, and invariant
curves.” Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), to appear.

[12] Ritt, J. “Prime and composite polynomials.” Trans. Amer. Math. Soc. 23 (1922): 51-66.

[13] Silverman, J. The Arithmetic of Elliptic Curves. Graduate Texts in Mathematics 106. New
York: Springer, 1986.

[14] Silverman, J. The Arithmetic of Dynamical Systems. Graduate Texts in Mathematics 241.
New York: Springer, 2007.

[15] Vélu, J. “Isogénies entre courbes elliptiques.” CR Acad. Sci. Paris Seér. A-B 273, (1971):

A238-41.

6102 AB\ €1 U0 Jasn Alelqi] suuely - AlIsIaAlun uouns) uag Aq Z9zZZ801/1Z61/./6 L 0Z0BASe-8o1Le/uiwWI/Wwod dno-olwapeae//:sdiy Woll papeojumo(]




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /Unknown

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [535.500 697.000]
>> setpagedevice




