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On analogues of the Ritt theorems for rational functions with two poles

F. B. Pakovich

Let F(z) be a rational function with complex coefficients. The function F(z) is said to
be indecomposable if the equality F' = F} o F5, where Fi, F» are rational functions and
F1 o F5 denotes the composition Fi(Fz(z)), implies that at least one of the functions Fi(z)
and F»(z) is a Mobius transformation. Any rational function F'(z) can be decomposed into
a composition F' = Fy. 0 F.._j o--- 0 F} of indecomposable rational functions, though not
uniquely in general. Such decompositions are said to be maximal. Two decompositions
F=FoFo---oF,and F = G10G20---0(,, maximal or not, are said to be equivalent
if there exist Md&bius transformations p;, 1 < ¢ < r — 1, such that

Fy =Giopa, Fi:,u;lloGio,ui7 1<i<r, and FT:u;_lloGr.

A theory of decompositions of polynomials was constructed by Ritt in his classical
paper [1]. The theorem below extends Ritt’s theory to the case of rational functions with
at most two poles.

Theorem. Let
L=AoC=BoD (1)

be two decompositions of a rational function L with at most two poles into compositions
of rational functions A, C and B, D. Then either Ao C is equivalent to B o D, or there
ezist rational functions U, W, A, B, C, D such that

A=UoA, B=UoB, C=CoW, D=DoW, AoC=BoD

and, up to a possible replacement of A by B and C by D, one of the following conditions
holds:

1) AoC ~ 2" 02"L(z"), BoD ~ z"L"(2) 02",
where L(z) — is a Laurent polynomial, r > 0, n > 1, and GCD(n,r) = 1;

2z
22 +1

22 -1 ( 2z
22+ 22 +1
where S(z) is a polynomial;

2) AoC ~ 220 ), BoD ~ (1-2%)52%(z)0 ,
3) fNXoCN’NTnon, EOENTmOTn,
where Ty (z) and Trm(z) are the corresponding Chebyshev polynomials with m,n > 1, and
GCD(n,m) = 1;
4) goéanol<zm+i), BoD ~ l(szrL) oz,
2 zm 2
where m,n > 1 and GCD(n,m) = 1;
- 1 5N~ o~ 1 1
5) AoC~ —Twos(e2™ + =), BoD~Tmoz (2" + ),
2 zm 2 "

where Tyi(z) and Tmi(2) are the corresponding Chebyshev polynomials with m,n > 1,
I>1, e =—1, and GCD(n,m) = 1;
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6) A«OC~,N(Z2_1)3O3(3z4+4z3—622+4z—1)

(322 = 1)2 ’
~ 4(92° —92* +182% — 1527 + 62 — 1)
4 3
BoD ~ (32" —4z°) o B2 1) .

Furthermore, if 9 and & are two mazimal decompositions of L, then there exists a chain
of mazimal decompositions F#;, 1 <1 < s, of L such that %1 = 9, Fs ~ &, and Fiy1 18
obtained from F; by replacing two successive functions in F; by two other functions with
the same composition.

A complete proof of the theorem is given in the preprint [2]. We note that the second
part of the theorem follows from the first part, while the first part reduces to an analysis
of the equations

A(L1) = B(L2),  A(L1) = La(2%),

where A, B are polynomials and L1, L2 are Laurent polynomials. We stress that our
analysis of the first equation provides a new proof of the classification, obtained in [3], [4],
of algebraic curves of the form A(x) — B(y) = 0 which have a factor of genus zero with at
most two points at infinity. Finally, we note that our proof of the theorem is self-contained
and involves several new ideas leading to a simplification of the approach to the problem.
In particular, we consider equation (1) in a more general context of the function equation
fop = gogq, where f: C; — CP', ¢g: Co — CP', p: C — (1, and q: C — Cy are
holomorphic functions on compact Riemann surfaces.
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