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ON POLYNOMIALS SHARING PREIMAGES OF
COMPACT SETS, AND RELATED QUESTIONS

FEDOR PAKOVICH

Abstract. In this paper we give a solution of the following problem: un-
der what conditions on infinite compact sets Ki, Ko C C and polynomials
f1, f2 do the preimages f; '{K1} and f; *{K>} coincide. Besides, we in-
vestigate some related questions. In particular, we show that polynomials
sharing an invariant compact set distinct from a point have equal Julia
sets.

1 Introduction

Let fi(2), f2(2) be complex polynomials and K;, Ko C C be finite or in-
finite compact sets. In this paper we investigate the following problem.
Under what conditions on the collection fi(z), fa(z), K1, K2 do the preim-
ages f; "{K1} and f; {{K>} coincide, that is

fTHEY = o Ky = K (1)
for some compact set K C C? Let us mention several particular cases
where the answer is known.

The following problem was posed in [Y]: Does the equality f;*{—1,1} =
f{l{—l,l} for polynomials of the same degree fi(z), f2(z) imply that
f1(z) = £f2(2)? This problem was solved in [P], [OPZ]. It was shown that,
actually for any compact set K C C containing at least 2 points and poly-
nomials of the same degree fi(2), fa(2), the equality f; "{K} = f; "{K} im-
plies that f1(z) = o(f2(z)) for some linear function o(z) = az+b, a,b € C,
such that o{K} = K.

For polynomials of arbitrary degrees, solutions of the equation f; 1{K =
fa 1{K }, for a compact set K C C of the positive logarithmic capacity,
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were described in [D1]. Recently, in [D2], this result was extended to an
arbitrary infinite compact set K. It was shown that if K is distinct from a
union of circles or a segment and deg f2(z) > deg f1(2), then there exists a
polynomial g(z) such that fa(z) = g(f1(z)) and g~ {K} = K.

Furthermore, the problem of the description of pairs of polynomials
f1(2), f2(2) sharing the Julia set, studied in [BE], [Fe], [Bel,2], [ScS], [AH],
[A], is also a particular case of problem (1). Here the answer ([ScS], [AH])
says that, whenever the common Julia set J is distinct from a circle or
a segment, there exists a polynomial p(z) such that J is the Julia set of
p(z) and, up to a symmetry of J, the polynomials fi(z) and fs(z) are the
iterations of p(z).

Finally, notice that problem (1) absorbs the classical problem of the
description of commuting polynomials ([J], [F], [R2], [E]) since commuting
polynomials are known to have equal Julia sets.

In this paper, we provide a surprisingly simple description of solutions
of equation (1) which, in particular, permits us to treat and reprove all the
results mentioned above in a uniform way. Namely, we relate equation (1)
to the functional equation

91(f1(2)) = g2(fa(2)) , (2)
where f1(2), f2(2),91(2), g2(2) are polynomials. It is easy to see that, for
any polynomial solution of (2) and any compact set K3 C C, we obtain a
solution of (1) setting

Ky =g K3}, Ka=g; ' {KG) (3)
In particular, for any “decomposable” polynomial fa(z) = ¢1(f1(2)) and
any compact set S C C we have
fr {8y = Ty,
where T = g7 *{S}.

The main result of this paper states that, under a very mild condition
on the cardinality of K, all solutions of (1) can be obtained in this way.
Moreover, using the Ritt theory of factorisation of polynomials, we describe
these solutions in a very explicit way.

Theorem 1. Let fi1(z), fo(z) be polynomials, deg fi = dy, deg fo = da,
dy < dg, and K1, K9, K C C be compact sets such that (1) holds. Sup-
pose that card{K} > LCM(dy,ds). Then, if d; divides ds, there exists a
polynomial g;(z) such that fa(2) = g1(f1(2)) and Ky = g; *{K2}. On the
other hand, if d; does not divide dg, then there exist polynomials g;(z),
g2(2), deg g1 = do/d, deg gy = dy/d, where d = GCD(dy,ds), and a com-
pact set K3 C C such that (2),(3) hold. Furthermore, in this case, there
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exist polynomials fi(z), f ( ), W(z), degW(z ): d, such that
fi(z) = LW (2)),  fa(z) = f2(W(2)) (4)

and there exist linear functions o1(z), o2(z) such that either
g91(z) = 2RV (2) 001!, fi(2) = o102/,
92(2) :Zdl/doa2_17 f2( ) _U2OZCR(Zd1/d)7

for some polynomial R(z) and c equal to the remainder after division of
dy/d by dy/d, or

91(2) = Tyyja(2) 007, fi(2) = 010 Ty, ja(2),

92(2) = Ty, ja(z) 003 fa(2) = 020 Ty a2,
for the Chebyshev polynomials Ty, 4(2), Ta,/q(2)-

()

(6)

As a corollary of Theorem 1 we obtain the following simple description
of the solutions of (1) with d; = da (cf. [OPZ], [P]). In particular, this
description implies the results of [Fe], [Bel] concerning polynomials of the
same degree sharing the Julia set.

COROLLARY 1. If equality (1) holds for polynomials fi(z), f2(z) such that
d1 = dy and at least one of the sets K1, Ky contains more than one point,
then there exists a linear function o(z) such that fa(z) = o(fi(z)) and
K2 = O'{Kl}.

As another corollary of Theorem 1, we describe the situations when the
preimage of a compact set under a polynomial mapping may have symme-
tries. This result generalizes the corresponding results of [BE], [Be2] proved
under assumption that K is the Julia set of f(z).

Denote by X7 the group of linear functions which transform the set
T C C into itself.

COROLLARY 2. Let f(z) be a polynomial and K, Ky C C be compact sets
such that K = f~'{K1}. Then Yk is a group of rotations. Furthermore,
either K is a union of circles and f(z) = o9 02%ogy for some linear functions
01(2), 02(2), or Yk is finite and f(z) = o9 0 2°R(2%) o0 oy for some linear
functions 01(z), o2(z) and a polynomial R(z), where b equals the order of
Yr and a < b.

In the case when K7 = K> in (1) the totality of solutions of the corre-

sponding equation

Ty =T =K (7)
becomes much smaller in comparison with the general case. Namely, under
the notation introduced above the the following result holds.
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Theorem 2. Let fi(z), f2(z) be polynomials such that (7) holds for some
infinite compact sets T, K C C. Then, if di divides do, there exists a
polynomial gy(z) such that fa(z) = g1(f1(z)) and g;*{T} = T. On the
other hand, if di does not divide dsy, then there exist polynomials fl(z),
fa(2), W(2), degW (z) = d, satisfying (4). Furthermore, in this case one
of the following conditions holds:

1. T is a union of circles with the common center and
fi(z) =0 o0zM/?  fy(z) = g oryz®/? (8)
for some linear function o(z) and v € C.
2. T is a segment and
fi(z) =00 Ty 1q(2),  fo(z) = 00 £Ty,4(2), 9)
for some linear function o(z) and the Chebyshev polynomials
T4, 7d(2); Tay 1a(2)-

This result was also obtained in [D1,2]. However, our method is com-
pletely different from the method used in these papers. In particular, in
our proof we do not use the classification of commuting polynomials that
eventually allows us to obtain a new proof of this classification.

Furthermore, we describe the polynomials sharing an invariant compact
set that is solutions of the equation

Ty = HTY=T. (10)
where f1(z), f2(z) are polynomials and 7' C C is any compact set.

Theorem 3 below generalizes results of [ScS], [AH] proved under the
assumption that 7" is the Julia set of fi(2), fa(2).

Theorem 3. Let fi(2), f2(z) be polynomials and T C C be a compact set
such that (10) holds. Then one of the following conditions holds:

1. T is a union of circles and

filz) =00zt oo™l folz) =coyzPoc! (11)
for some linear function o(z) and v € C, where |y| = 1 whenever T

is distinct from a point.
2. T is a segment and

fiz)=co0xTy 007, folz) =co+Ty 00 (12)
for some linear function o(z) and the Chebyshev polynomials
T4, (Z), T4, (z)

3. The group Y is finite and there exist a polynomial p(z) and integers

51, 89 such that p~'{T'} =T and

f1(z) = pop™,  fa(z) = pp 0 p* (13)
for some linear functions p11(2), p2(2) € .
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It was shown in [BE], [Be2] that polynomials sharing the Julia set are
closely related to the functional equation

fi(f2(2) = u(f2(f1(2))) (14)

where p(z) is a linear function. It turns out that the same is true for equa-
tion (10). Furthermore, Theorem 4 below states that actually polynomials
sharing an invariant compact set have the same Julia sets and that any
of these properties is equivalent to equation (14) for an appropriate linear
function p(z). Note that together with Theorem 3 this implies in particular
the classification of commuting polynomials (cf. [J], [F], [R2], [E]).

Theorem 4. The following conditions are equivalent:

1) Equality (10) holds for some compact set T C C distinct from a point;

2) Polynomials fi(z), f2(z) have the same Julia sets;

3) There exist compact sets Ty, Tp C C such that f; {T1} = T, f5 ' {T»}
= Ty and equation (14) holds for some u(z) € ¥, N Xp,.

The approach of this paper is similar to the one introduced by the author
for solving the Yang problem cited above. It consists in using a relation
between a polynomial f(z) and the n-th polynomial of least deviation p,(z)
on the preimage f~1{K} of a compact set K C C (see section 2 below).
This relation together with the uniqueness theorem for the n-th polynomial
of least deviation and the Ritt theorem permits us to reduce equation (1)
to equation (2).

The paper is organized as follows. In the second section we recall some
classical results about polynomial approximations and prove Theorem 2.3
which generalizes the previous results of papers [FiP], [KB], [OPZ], [P].
Although essentially we need only the weaker result from [KB], we give the
proof of Theorem 2.3 because we believe that this result is interesting by
itself.

In the third section we recall two theorems about polynomial solu-
tions of equation (2) which we use subsequently. In the fourth section,
using the approach described above, we give the proofs of Theorem 1 and
Corollaries 1,2.

In the fifth section we prove Theorem 2. Here, the idea of the proof is
to examine the infinite chain of compact sets and polynomials obtained by
repeated use of Theorem 1.

Finally, in the sixth section, using the results obtained as well as some
constructions from the papers on Julia sets cited above we prove Theo-
rems 3, 4.
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2 Polynomial Approximations

Denote by P, the vector space consisting of polynomials of degrees < n. It
is known (see, e.g. [L]) that for any compact set R C C and any complex-
valued function ¢(z) continuous on R there exists a polynomial p, ,(z) € P,
such that
= Pl = min flo = pl (15)
where the symbol | g|| denotes the uniform norm of the function g on R:
lgll = max|g(=)| -
Such a polynomial is called the n-th polynomial of least deviation from
@ on R. The n-th polynomial of least deviation from ¢ is known to be
unique whenever R contains at least n+ 1 points (see, e.g. [L]). In the case
when ¢(z) = 2", the polynomial 2" — p,,_1,,(2) is called the n-th monic
polynomial of least deviation from zero on R.
It turns out that for an arbitrary compact set R any polynomial P(z)
is the polynomial of least deviation on the set P~'{R} whenever R is
“centered” at the origin. More precisely, the following theorem holds.

Theorem 2.1. Suppose that R C C is a compact set such that the disk
of the smallest radius which contains R is centered at the origin. Then any
monic polynomial P(z) of degree n is the n-th monic polynomial of least
deviation from zero on the set P~'{R}.

This theorem was proved in [OPZ] where it was applied to the descrip-
tion of solutions of (7) with d; = ds.

Note that Theorem 2.1 implies the following well-known result: the n-th
normalized Chebyshev polynomial 7),(z) is the n-th monic polynomial of
least deviation from zero on [—1,1]. Indeed, it is enough to observe that
the formula T}, (cos 2) = cosnz implies that T, }[—1,1] = [~1,1]. Similarly,
one can deduce that the polynomial z" is the n-th monic polynomial of
least deviation from zero on any union of circles centered at the origin.

A more general result than Theorem 2.1 was proved by a different

method (actually, earlier) in [KB] in connection with the description of
polynomials of least deviation on Julia sets.
Theorem 2.2. Let R C C be a compact set and T'(z) be the m-th monic
polynomial of least deviation from zero on R. Then for any polynomial P(z)
of degree n with leading coefficient ¢y, the polynomial T(P(z))/c" is the
mn-th monic polynomial of least deviation from zero on the set P~1{R}.

Finally, some more general result — Theorem 2.3 below — was proved
in [FiP]. Nevertheless, the proof was given only under the additional
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assumption that the so called extremal signature (see, e.g. [L]) for
©(2) = Pm,p(2) on R contains no critical values of P(z). Below, we give
the proof in the general case generalizing the method of [OPZ].

Theorem 2.3. Let R C C be a compact set, ¢(z) be a continuous
function on R, and py, (%) be the m-th polynomial of least deviation from
©(z) on R. Then for any polynomial P(z) of degree n the polynomial
Pm,o(P(2)) is the mn+n — 1-th polynomial of least deviation from ¢(P(z))
on the set P~Y{R}.

Proof of Theorem 2.3. For any polynomial Q(z) set
Qr(z) =2 > Q).

yeC,
P(y)=P(z)

where the root y of multiplicity k of P(y) — P(z) = 0 is repeated k times.
Clearly,
Py)) —

zeP~1{R} zeP~1{R} n

yeC,
P(y)=P(z)

On the other hand, since P~'{R} together with a point z contains all the
points y such that P(y) = P(z), we have
[p(P(y) — Q)|
< P — .
P(y)=P(z)
Therefore, for any Q(z) the inequality

max [p(P(2)) — Qp(2)| < L. lo(P(2)) = Q(2)]  (16)

holds.

Furthermore, observe that for any polynomial R(z) of degree < n the
function Rp(z) is constant. Indeed, for R(z) = 27, 0 < j < n — 1, this
follows from the Newton formulas which express Rp(z) via the symmetric
functions Sj, 0 < j <n —1, of roots y;, 1 <i <mn, of P(y) — P(z) =0 and
in the general case by linearity.

Let now Q(z) be a polynomial of an arbitrary degree ¢ and let

lg/7]
Q(z) = > ai(2)P'(2)
i=0
be its P-adic decomposition. Then
lg/n

]
Qr(z) = Y aiPi(z),

i=1
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where a; = a;,(z)/n are constants. Therefore,

lq/n]
max [¢(P(2) = > Qp(2)| = max |(2) - ; as|.  (17)
Suppose now that ¢ < mn +n. Then
lq/n]
max | o(2) ; 02" | > max [p(2) = pmo(2)|
- P(2) — pmo(P(2)|. (18
max |o(P(2)) = pmp(P(2))] . (18)

It follows now from (16),(17) and (18) that

e P(P(2)) = Q(2)] = e |0(P(2)) = P (P(2))] -

Proof of Theorem 2.2. Theorem 2.2 follows from Theorem 2.3. Indeed,
for h(z) € P,, we have

' 1) —p|l = mi h) — (p+ h)|| = min [lp —
Join (¢ +h) = i [(p+h) = (p+h) veb (Tl
and pp, o+n(2) = Pm,e(2) + h(z). Similarly, for 8 € C we have
Jnin I8¢ —pll = nin 8¢ — Bpll = 5;2}% o — pl
and P, g (2) = Bmp(2)-
Therefore,

Pmn—1,cmzmn (Z) Pmn—1,Pm4-cmzmn_ pm (Z)
pmn—Lzm” (Z) = -

Cn' cm
_ Pt (2) e PTE) Pz (P() | PT(R)
CTTLn C?{L C?Zn qun
Hence,
2" — Pt (2 T(P(z
2™ = pmn—1,zmn (2) = ( pmml’z (2)) oP(z) = #
Cn Cn

Proof of Theorem 2.1. Theorem 2.1 is a particular case of Theorem 2.2
since its condition is equivalent to the condition that the first monic poly-
nomial of least deviation from zero on R is z.

3 Solutions of A(B(z)) = C(D(z))

In this section we recall two theorems about polynomial solutions of the
equation

A(B(2)) = C(D(2)), (19)
proved in [En], [R1] (see also [S, Ths.5 & 8]).
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Theorem 3.1. Let A(z), B(z),C(z), D(z) be polynomials such that (19)
holds. Then there exist polynomials V (z), B (z) D(z), such that

B(z) = B(V(2)), D(z)=D(V(2)),

degV(z) = GCD(degB(z) deg D(z)),
and there exist polynomials U(z), A(z), C(z) such that

A(z) =U(A(z)), C(2) =U(C(2)),

degU(z) = GCD(deg A(z), deg C(2)) -

Theorem 3.1 reduces the problem of finding the solutions of (19) to the

one when deg A(z) = deg D(z) and deg B(z) = deg C(z) are coprime. The
answer to the last question is given by the following “second Ritt theorem”.

Theorem 3.2. Let A(z), B(z),C(2), D(z) be non-linear polynomials satis-
fying (19) such that a = deg A(z) = deg D(z) and b = deg B(z) = deg C'(2)
are coprime and a > b. Then there exist linear functions o1(z), 02(2), u(2),
v(z) such that either

A(z) =vo2°Rb(2) ooy, B(z) =002 0oy,
Clz)=vozlooy?, D(z) =030 2°R(z") o, (20)
for some polynomial R(z) and c¢ equal to the remainder after division of a
by b, or
A(z) =voT,(2)oayt, B(z) =010Ty(2) o,
C(2) =voTy(z) ooy, D(z) =090T,(2)opu, (21)
for the Chebyshev polynomials T, (z), Tp(2).

4 Solutions of fi '{K 1} = f; ' {K;} =K

Proof of Theorem 1. Let pi(z) be the dy/d-th monic polynomial of least
deviation from zero on Kj and po(z) be the dj/d-th monic polynomial
of least deviation from zero on Ks. Then by Theorem 2.2 the polynomial

1 (fl(z))/acll2 /4 Where ay is the leading coefficient of fi(z), is the dyds/d-th

monic polynomial of least deviation from zero on K. Similarly, the poly-

nomial pa(fa(z))/ agl / “ where ay is the leading coefficient of fi(2), is the

dyds /d-th monic polynomial of least deviation from zero on K. Since
card{K} > LCM(d;,dy) = dydz2/d,

it follows from the uniqueness of the polynomial of least deviation that

91(f1(2)) = g2(f2(2)), (22)
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where §1(z) = p1(z )/acll2 92(2) = pa(2 )/agl/d. Hence, by Theorem 3.1
there exist polynomials fl( ), fa(2), ( ) such that

fi(z) = [1(V(2)),  fa(z) = fa(V(2)),
where deg V (2) = d.

If d; divides dy then the polynomial fi(z) is linear and, setting g1 (z) =
fao ng_ 1 we see that fo(z) = g1(f1(2)). Moreover, since for any polynomial
f(z) and sets T1,T> C C the equality f~'{T1} = f~'{T3} implies that
Ty =T, it follows from the equality

fy K} = fiH{g K} = K} = K
that K; = g, '{Ka}.

Furthermore, if d; does not divide dy then both fi(z), f2(z) are non-
linear and therefore §;(z), g2(2) are also non-linear. Since equality (22)

implies the equality _
0 (fi(z) = g(f(2), (23)

where deg §1(z) = deg fa(2) and deg §2(z) = deg f1(2) are coprime, apply-
ing Theorem 3.2 to (23) and setting
g(x) = v oin(2), () =v o), W(E)=poV,
we see that (2) and (4) hold with fi(2), f2(2),91(2), g2(z) satisfying either
(5) or (6).
Observe now that
g {K1} = i { i{K}} = go{fo{K}} = g2{K>}.

Set K3 = ¢1{K1} = g2{ K>} and show that the equalities

g K3} = K1, g5 {K3} = K>
hold. Notice that it is enough to prove only one of these equalities. Indeed,
(2) implies that

fr{or G = £ e G (24)
Therefore, if say g; '{K3} = K; then (1) and (24) imply that

K = f; {95 {K3}} .
Since K = f, "{K>} it follows that g, ' {K3} = K.
Show first that if (5) holds then
95 {K3} = K> (25)
Clearly, equality (25) is equivalent to the equality
o5 {K2} = (2" K3}

On the other hand, the last equality is equivalent to the statement that
the set oy 1{K2} together with a point x contains any point of the form ex,
where ¢ is a d;/d-th root of unity.
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In order to prove the last statement first observe that in view of (1) and
(4) we have Ly Loy
WK = W f {KG )

fiHE Y = fy Ky = W{K}

Hence

or equivalently
(1 0T KLY} = (FRGES) T og Kby = WK} (26)
Suppose now that = € o, "{K>} and let y be a point of W{K} such that
y°R(y#/?) = x. Then equality (26) implies that any point of the form ey,
where ¢ is a d; /d-th root of unity, also belongs to W{K}. Since
05 {K>} = 2°R(z"){W{K}},
it follows that o, 1{K2} together with a point x contains any point of the
form ECyCR(ydl/ 4) = ¢°z. To finish the proof it is enough to observe that
the equality GCD(d; /d,dy/d) = 1 implies the equality GCD(c,d;/d) = 1.
Therefore, if € runs all d; /d-th roots of unity then £° also runs all d; /d-th
roots of unity.
In the case when (6) holds the proof of the equality
oy K2} = (Tyja) " {3}
which in this case is equivalent to equality (25) is similar. We must show
that for any point € o, '{Ky} all the points y such that Ty, a(y) =
Ty, sa(x) also belong to oy YK,}. Equivalently, we must show that if
cosa =z € 0, {Ky} for some a € C then for any k = 1,2,...,(dy/d) — 1
the number cos (a + %kz) also belongs to o 1{K>}.
As above observe that
(T, ja) "o "{EL} ) = (Taypa) " oy ' {Ka}} = W{K}. (27)
Suppose now that cosa = = € o, "{Ks} and set t = cos (ad/dz). Then
Ty,/a(t) = x and hence t € W{K}. Therefore, (27) implies that all the
points of the form
cos <Z—j+2dildj>, j:1,2,...,%—1,
belong to W{K}. It follows now from the equality
oy Ky} = Ty ja{W{K}}
that all the points of the form

2mdy | ‘ dq
=12,...,——1
COS <a + dl J> ) J ) ) ) d b
belong to oy '{K>}. Since the numbers dy/d and dy/d are coprime this

implies that for any k = 1,2,..., (%1) —1 the number cos (a+ %k) belongs

to 0’2_1{K2}.
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REMARK. Instead of the condition

card{K} > LCM{dy,ds} (28)
in the formulation of the theorem one can require that
card{K1} > do/d+1 or card{Ks}>di/d+1. (29)

Indeed, for any polynomial f(z) and any finite set K C C we have
card{fH{K}} > deg f(2) card{ K} — deg f'(2)
= deg f(z)(card{K} — 1) + 1. (30)
Therefore, any of inequalities (29) implies inequality (28).

Proof of Corollary 1. Tt is enough to observe that if card{K;} > 2 then
(30) implies that
card{ K1} > deg f1(2) + 1 = LCM(dy,d2) + 1.
Proof of Corollary 2. Let C be the circle of the smallest radius containing
the set K, and c be its center. Observe that any u(z) € Y transforms
C into itself. Therefore, Yk is a subgroup of the group S'. Since K is
a compact set, it follows that if X g is infinite then K contains, with a
point z, all the circle with center ¢ containing x and hence is a union of
circles. Moreover, setting
f(z)=2%00y, K =f{K}
where 01(z) = z — ¢, we see that then
UK = K} =K.

It follows now from Corollary 1 that f(z) = 090 f(2) for some linear function
02(z) and hence f(z) = 090 2% 0 0y.

Suppose now that the group X is finite. Without loss of generality we
can suppose that ¢ = 0. Then X is generated by e, = exp (27i/b). Since

fTHELY = (foaz) K1} = K,
it follows from Corollary 1 that

flevz) = po f(2) (31)
for some p(z) € ¥k, If pu(z) = az+ f, o, € C, then a = €}, where a is
the remainder after division of deg f(z) by b. This implies, in particular,
the equality f(0) = (f(0) — 8)/ef. Now consider the rational function
9(2) = (f(z) — f(0))/z". Since

flevz) — f(0) _ f(z) = (f(0) — B)/ey

gleve) =" = 2 =90,

it is easy to see that g(z) has the form R(z?) for some polynomial R(z) and
hence f(z) = 0 0 22R(2?), where o(z) = z + f(0).
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5 Solutions of f; ' {T} = f, {T} =K

Proof of Theorem 2. 1If dy is a divisor of ds, then the theorem follows from
Theorem 1, so we may concentrate on the case when d; is not a divisor
of dy. Let us suppose additionally that di/d > 2; the case when d;/d = 2
will be considered separately.

Since d; is not a divisor of do, Theorem 1 implies that there exist non-
linear polynomials f1(2), f2(2), 91(2), g2(2), deg g1(2) = d2/d, deg g2(2) =
dy/d, and a polynomial W (z), deg W (z) = d, satisfying (2), (4). Since in
the course of the proof of the theorem we will repeatedly use Theorem 1 to
uniform the notation set,

L1 = T, Al(z) = fl(z) s Bl(z) = fg(z) .
It follows from (2), (4) that
ATHL} = By YL} = WH{K}.
Furthermore, by Theorem 1 there exists a compact subset of C, which
we denote by Lo, such that

g1 {L2} = g5 ' {La} = L (32)
and there exist linear functions o1(z),02(z) such that either
A1(z) = 01028/ B(2) = 090 2°R(z1/) (33)
or
Ay(z) =010Ty 4, Bi(z) =020Tg,q (34)
holds.
Set now ~ ~
Ag(2) = g2(f1(2)) ,  Ba(2) = g1(fa(2)) - (35)
Then the conditions of the theorem imply that
Ay (Lo} = By Lo} = WK}, (36)

where deg A(z) = (di/d)?, degBs(z) = (d2/d)?. Furthermore, apply-
ing Theorem 1 to equality (32) we conclude that there exist polynomials
h1(z), ha(z), deghy(2) = dy/d, deg ha(z) = da/d. such that

hi(g1(2)) = ha(g2(2))

hy'{Ls} = hy'{Ls} = Lo
for some compact set L3 C C. Then for polynomials
Az(z) =hiogao fi, Bs(z) =ha2ogiof

and

we have

Ay {La} = By {La} = W{K},
where deg A3(2) = (d1/d)3, deg B3(2) = (do/d)3.
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Continuing in the same way we conclude that for any r > 0 there
exist a compact set L, and polynomials A,(z), B,(z), deg A,(z) = (d1/d)",
deg By(z) = (d2/d)", such that

ALY = BoHL, ) = W{KY, (37)
where for polynomials A;(z), B1(z) either (33) or (34) holds. Furthermore,
applying Theorem 1 to equality (37) for > 2 we see that there exist linear
functions o, 1(2), 0y,2(2), wy(2) such that either

Ap(z) =010 2N 5w B(z) = Or20 2 R (2D Y 0w, (38)
for some R,(z) and ¢, or

AT(Z) =0r10° T(dl/d)T o Wy, BT(Z) =0r20 T(dg/d)T o Wy . (39)

Show that if (33) (resp. (34)) holds then (38) (resp. (39)) holds for all
r > 2. Consider first the case when (34) holds and show that equality
(38) cannot be realized. Indeed, observe that the formula T, (cosz) =
cos (nz) implies that T/ (z) = 0 if and only if z = cos(7k/n), where
k=1,2,...,n — 1. In particular, since d1/d > 2, the polynomial Ty, /()
has at least two critical points. It follows now from the chain rule that
the polynomial A, (z), which is by construction a polynomial in Ty, /4(z),
also has at least two critical points. On the other hand, the polynomial
o1, © Zdi/d)" o wy- has only one critical point.

Similarly, if formula (33) holds then (39) can not be realized since A, (z)
is a polynomial in 2% /4 and therefore has at least one critical point of the
multiplicity > 2 while the multiplicity of any critical point of the polynomial
01,0 T(dl/d)r o wy is 2.

Consider now the cases when (38) or (39) holds separately. Suppose
first that (39) holds. Show at the beginning that for any r > 2 the equality

wr(z) = £z (40)

holds. Indeed, we have

Ar(2) = (01 0 T(qy jayr—1) © (T4, g © wr) -
Therefore, setting

Ur = (Ur,l o T(dl/d)r—l)_l{Lr} ;

we see that

(le/d o wT)_l{Ur} = (0'1 9] le/d)_l{Ll} .
By Corollary 1, this implies that

Tayja0owr =00010Ty g

for some linear function §(z). Since both parts of this equality should have
the same critical points it follows easily that (40) holds.
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Furthermore, since T,,(+z) = +7,,(2) equality (40) implies that
AT(Z) = 5",1’1 o T(dl/d)f s BT(Z) = 57«72 ] T(dQ/d)r' s
for linear functions 6,1 = +0,.1, 0,2 = £0,2. In particular, setting M; =
oy L1} and M, = ~T_711{L,n} for r > 2, we see that for any r > 1 the
equality
(Tiay jay) "M} = W{K} (41)
holds.
The equality (41) implies that the compact set W{K} together with a
point u contains all the points v such that
g, jayr (v) = T(g, jay- (u) (42)
for some 7 > 1. Choose a € C such that u = cos a. Then condition (42) is
equivalent to the condition that W{K} contains all the points of the form

cos (OA+27T<%)Tj)7 j:1,2,...,(%1)r—1,

where r > 1. Since W{K} is a compact set it follows that W{K} contains
all the set E, = cos(a+s), 0 < s < 2m. It is easy to see that E, is an

ellipse which in the coordinates r = Rz, y = Sz is defined by the equation
2 2

T y 1/ ia 1 1/ i 1
L=t a=g (e )y o= (1) o

Therefore, we can represent W{K} as a union of ellipses

WK} =) E
teU
for some compact subset U of the segment [0,i00). Furthermore, since

T.{E;} = E,, we have

T = o1 {Ty, ){W{K}}} = U o1{Eq, jd} - (43)

On the other hand, <
T = 0o { T, ja{ W{K}}} = | 02{ By} (44)

teU

Denote by 1 the point of U with the maximal modulus. Then formulas
(43), (44) imply that the ellipses 01{E} 4, /a} and 02{E} 4,4} coincide. In
particular they have the same focuses. Since focuses of all ellipses E,,
a € C, are 1, we conclude that o3 0 07! = +2 and hence (9) holds.
Furthermore, the equality

o{Eya,/at = o1{=x By ay/a}
implies that

1 ity dl/d 1 _ 1 ity dg/d 1
9 (\e | T |eit1[di/d ) 9 e T |eitr [d2/d ) -
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Since dy # d1, it follows that ¢; = 0. Therefore, W{K} = [—1, 1] and hence
T = o1{Ty, ja{[-1,1]}} = o1 {[-1,1]}

is a segment.
Consider now the case when (38) holds. Since
Ar(z) = (Ur,l © Z(dl/d)r_l) ° (Zdl/d o Wr) s
setting
Ur= (010 z(dl/d)T_l)_l{Lr},
we see that
(21 0w, )"HU,} = (01 0 28/ DL}
By Corollary 1, this implies that
210w, =§ o0y 024/1
for some linear function 6(z). Comparing critical points of the both sides
of this equality we conclude that w,(z) = 7,z for some ~, € C.
Therefore, for r > 2, we have
AT(Z) = 57“,1 © Z(dl/d)ra Br(z) = 57“,2 o ZCTRT(z(dl/d)T)
for some linear functions &, 1, 0,2 and a polynomial Rr(z). In particular,
setting My = Jl_l{Ll} and M, = ~7«_,11{L7'} for r > 2 we see that for any
r > 1 the equality
(DM} = W{EKY (45)
holds.

Equality (45) implies that W{K} together with a point u contains all
the points of the form eu, where (/9" =1 for some r > 0 and therefore
all the circle 2% 4+ y? = |ul|. It follows that W{K} is a union of such circles
and hence by Corollary 2 the function fy(z) actually has the form gg o 292/4
for some linear function oy(2). Furthermore, equality

T = H(W{K}) = fa(W{K}) (46)
implies that o2(z) = 01 0 vz for some v € C and hence (8) holds.

To finish the proof we need only consider the case when deg fl (z2) =2.
Define As(z), B2(z) by formula (35). Since deg Aa(z) = 4 > 2 equality (36)
implies that Lo is either a union of circles or a segment and, respectively,
W{K} is either a union of circles centered at the origin or a segment [—1, 1].
If W{K} is a union of circles then by Corollary 2 we have

filz) =o102M/9 fo(z) = 090 2/,
and, as above, equality (46) implies that (8) holds.
On the other hand, if W{K} is a segment [—1, 1] then the equality

Ty =111}
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holds and applying Corollary 1 we conclude that there exists a linear func-
tion o1 such that

T:UI{[_171]}7 fl(z):UIOTQ-
Hence, T is a segment. Similarly,

f {1} =Ty ,{ =110}

T =0{[-1,1]}, fa(z) =020 Tay/a -
It follows now from o1{[~1,1]} = o2{[~1, 1]} that o ' 00y = +2 and hence
(9) holds.

and

6 Solutions of f; '{T} = f, {T} =T

Proof of Theorem 8. First of all consider the case when T is finite. In this
case inequality (30) implies that 7" is a point, 7' =t € C. Let a; be the
leading coefficient of f;(2). Set o(z) = a(z — t), where a®~! = a;. Then
the polynomial f(z) = oo fioo~! has the leading coefficient 1 and satisfies
f~H0} = 0. It follows that oo f oo~ = 2% Similarly, oo fooo™ = v2%
for some v € C.

Now assume that T is infinite. Consider from the beginning the case
when the set T is either a union of circles with the common center or a
segment. Suppose first that T is a union of circles with a common center c.
Without loss of generality we can assume that ¢ = 0. Then it follows from
Corollary 2 that

fAz) =nzh, fa(z) = 722® (47)

for some 71,72 € C. Therefore, for 0(z) = az, where « satisfies a1 =1 = 71,

the equalities (11) hold with v = yea~%*!. Furthermore, if » = max,c7 |2|

then (47) and (10) imply that 7% ~! = ~4or?~1 Therefore, since r > 0,

the equalit

qy et = 48)
holds. and hence

—dal) [l ldml g (49)

vl = [ella 2l
Similarly, if T" is a segment then setting
pi(z) =coTy 00, pa(z)=co0Ty o001,
where o(z) is a linear function such that T = o{[—1, 1]} we see that
pr AT =p {T} =T
By the Corollary 1 this implies that that

f1(z) =d010p1(2), fa(z) = 2 0pa(2),
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for some linear function 6;(z), d2(z) such that 6;{T} = 92{T'} = T'. Since

any linear function which transforms 7" to itself has the form

§(z) =cotzoo !

it follows that (12) holds.

Now consider the case when T is distinct from a union of circles or a
segment. Let p(z), s = degp(z), be a non-linear polynomial of the minimal

degree satisfying

fHTY ={T}. (50)
Show that then for any polynomial ¢(z), t = degq(z), satisfying (50) the
equality t = s* holds for some k& > 1. Indeed, suppose that s* < t < sF*1
for some k > 1. Since

o -1 _
(") H{Th = T} =T,
it follows from Theorem 2 that there exists a polynomial r(z) such that

9(z) =r(p(z), rHT}=T.
Since 1 < degr(z) < s this contradicts to the assumption about p(z).
Therefore, deg f1(2) = s*1, deg fao(2) = s*2 for some ky, ky > 1. Since

o -1 _ o -1 _
(P (2)) H{TY = 7 HTY, (0 (2) AT} = £, T},
it follows now from Corollary 1 that equalities (13) hold. Furthermore,
since T is distinct from a union of circles, Corollary 2 implies that X7 is
finite.

Proof of Theorem 4. Prove at first the equivalence of conditions 1 and 2.
Clearly, it is enough to show that any of the conclusions 1),2),3) in the
formulation of Theorem 3 implies that polynomials f1(z), f2(z) have the
same Julia sets. In the cases 1),2) this is obvious, so suppose that the
case 3) holds. Denote by Jy and Jy, the Julia sets of the polynomials
fi(2), f2(2) and by Ky and Ky, their filled-in Julia sets. Since for any
polynomial f(z) the equality J; = 0K holds in order to prove the equality
Jy, = Jy, it is enough to prove that Ky = Kjy,.

Without loss of generality we can assume that the center of the disk of
the smallest radius containing 7' is zero. Then

fi(z) =mp™", fa(z) = 62p° (51)
for some b-th roots of unity 7;,60;. Furthermore, applying formula (31)
to the polynomial p(z), and taking into account that p(z) = az for some
a € C, we see that p(z) = 22R(2%) for some polynomial R(z). This implies
that, for any j > 1, we have

@) =np™?, [y (2) = 09>
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for some b-th roots of unity 7;,0;. Therefore, the equalities

2] =%, |7 (2)] = Ip°?]
hold. This follows that Ky = Ky, = K, and hence Jy, = Jy, = J,,.
Now prove the equivalence of conditions 2 and 3. Suppose first that 2
holds and set J = Jy = Jp,. Then we have

(frofo)"HJI} = (fao fi)"HJ}.
It follows now from Corollary 1 that (14) holds with p € ¥; = Jg N Jy,.

Furthermore, if (14) holds and u(z) = z, in other words if fi(2), fa(z)
commute, then the equality J = J;, = Jy, was already established by Julia
[J] (for any rational functions) and can be proved easily as follows ([A]).
Suppose that z € Ky,. Since (14) implies that

f(f55(2) = f3*(£1(2))
we conclude that fi{Ky,} C {Kjy,} forany k > 1. Hence, floj{KfQ} C {Ky,}
for any j > 1 and therefore Ky, C Ky, . By symmetry, also Ky, C Ky, and
hence Ky, = Ky,, Jp, = Jp,.

Now consider the case when u(z) # z. If u®(z) # z for any j then
both ¥7, and X7, are infinite and by Corollary 2, taking into account that
Y1, NXq, # @, we conclude that X7, and X7, are unions of circles with
a common center c. Furthermore, since (14) implies that for any linear
function v(z) the equality

f1(f2(2)) = &(f2(f1(2)))
holds with
fi=vofiov™, fa=vofsorv™', ji=vepor,
without loss of generality, we can assume that ¢ = 0. In this case Corollary 2
implies there exist 71,72 € C such that equalities (47) hold. Therefore, set-
ting 0(z) = az, where a®~! = 1, we see that equalities (11) hold with
v = yoa~%FL Moreover, equality (14) implies equality (48) and therefore
equality (49). Hence, Jg = Jy,.
Suppose now that u(z) is a rotation of finite order d around a point c.
As above, we may assume that ¢ = 0. Then u(z) = g4z for some primitive
d-th root of unity £4. Show that
fi(2) = 29 R (2Y),  fa(z) = 22 Ry(2%) (52)
for some polynomials R;(z), R2(%) and integers a1, a. Indeed, if both X7,
and X7, are finite then, taking into account the equality ¢ = 0, we conclude

as above that there exist polynomials Ry (z), Ro(2) and integers a1, @y such

that Lo L
fi(z) = 2 Ra(zM), fa(z) = 22 Ra(2®),
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where d; is the order of ¥r,, i = 1,2. Since d|dy, d|dy this implies that (52)
holds. On the other hand, if one of (or both) groups X, ¥, is infinite

then it follows from (47) that (52) holds.
Following [BE] define the polynomials

filz) = 2" R{(2), fa(2) = 2 RS(2),
and show that they commute. Indeed, clearly

fiozt=2%0f;, i=1,2. (53)
Therefore, we have
fiofaozt=fiozlofo=2%0fiofo=2"0pofrofi
=zlofoofi=faozlo fi=fro fioz
Hence, ]Flof2:f2of1-~ )
Furthermore, since fi(z) and f>(2) commute we have K¢ = Kj. On
the other hand, (53) implies that
flozl=z2l0 7 i=1,2,
for any j > 1. This follows that
Ky = (N YKy}, i=1,2.
Hence, Ky, = Ky, and Jy, = Jy,.
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